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0 Introduction
There exists solid experimental evidence for existence of dark matter (DM) (see section 1.1).
According to majority of current models, DM should consist of massive, non-relativistic, stable
particles that do not interact with electromagnetic field. In the Standard Model of fundamental
interactions there is no proper candidate for such a particle, therefore investigation of dark matter
can lead to new beyond Standard Model physics.
The standard approach to the dark matter problem is the hypothesis of so called WIMP’s,
i.e. weakly interacting massive particles. The WIMP model explains observed large (cosmological)
scale effects considered to be a consequence of the existence of dark matter. However, at galactic
scales there exist some discrepancies between observations and simulations of the WIMP models
(see section 1.2), which lead to the conclusion that dark matter might consist of more than one
component.
In this thesis we provide a simple, but QFT-consistent and renormalizable model of dark matter,
which is an extension of the Standard Model. We extend the Standard Model gauge group with
an additional U(1)X group. The model provides additional Higgs particle, as well as two or three
(depending on the values of the model parameters) candidates for dark matter. We investigate the
influence of the model parameters on the shape of solutions of the Boltzmann equations that de-
scribe dependence of the number density of a given kind of particles on temperature of the Universe
(which can be treated as a time scale).
We also provide a detailed derivation of the Boltzmann equation, including analysis of all the
assumptions (what is usually at least partially omitted in cosmology textbooks).
Within this project, a C++ code that numerically solves a set of Boltzmann equations for multi-
component dark matter has been developed. In contrast to micrOMEGAs, a package popular among
dark matter physicists, our code deals with 3 component dark matter as well as with 2 component
case.
0.1 Notation and conventions
Throughout the whole thesis, following conventions are used:
• Physical constants: ~ (Dirac constant), c (velocity of light in vacuum) and kB (Boltzmann
constant) are set to 1. Therefore all the physical quantities are expressed in units of energy
taken with appropriate power (the usual unit is gigaelectronovolt, 1 GeV ≈ 1.78 · 10−36 kg ·
c2 ≈ 1.602 · 10−19 J):
corresponding
quantity power of energy
mass, momentum, temperature 1
length, time -1
G (Newton’s constant) -2
Λ (cosmological constant) 2
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• Greek indices run from 0 to 3 (or, equivalently, over time and all spatial coordinates) while
latin indices from 1 to 3 (over spatial coordinates only).
• Einstein summation convention: when an index is repeated, we implicitly sum over all its
possible values, e.g. AαµBµβ ≡
∑3
µ=0A
αµBµβ .
• Sign conventions (the same as in Kolb & Turner [1]):
– for the metric tensor we assume (+,−,−,−) signature,
– the Riemann tensor, Ricci tensor and Ricci scalar are defined as
Rαβµν = Γ
α
βν,µ − Γαβµ,ν + ΓαµλΓλβν − ΓανλΓλβµ , Rαβ = Rµαµβ , R = Rµµ ,
– the Einstein equation takes the following form:
Rµν − 12gµνR = +8piGTµν + gµνΛ ,
– the Christoffel symbols are defined as follows:
Γαβγ =
1
2
gαµ(gµβ,γ + gµγ,β − gβγ,µ) .
• When opposite is not explicitly said, t0 denotes the current time („now”). The current values
of other time-dependent cosmological quantities, like scale factor or density of the Universe,
are also denoted with index 0 (e.g. ρ0 = ρ(t0), R˙0 ≡ R˙(t0)).
• To avoid confusion, momentum is denoted as p, while P denotes pressure.
• The scale factor R in the FLRW metric has dimension of length, while the comoving distance
r and the curvature k are dimensionless.
• In chapter 6 we use some common notation shortcuts:
ψ¯ ≡ ψ†γ0 (ψ – a fermionic field), /a ≡ γµaµ (a – a vector field),
where γµ denotes the µ-th Dirac matrix.
1 Dark matter – definition and motivation
Dark matter is a kind of matter which interacts gravitationally, but not electromagnetically (so
it is „dark”). Existence of dark matter is confirmed by many observations of various kinds, some of
them are described below. The total amount of dark matter should be around five times bigger than
that of ordinary matter. Currently, the most often considered cosmological model is the cold dark
matter model with a cosmological constant, often abbreviated to ΛCDM. The coldness (i.e. low
velocity) of dark matter is needed to fit the structure forming data (see [2]). In the Standard Model
there is no proper candidate for cold dark matter (it should be massive, stable and not interacting
with photons)1, dark matter is considered to consist of so called weakly interacting massive particles
or WIMP’s, not yet discovered kind of heavy, stable and „dark” elementary particles.
1One of hypothetical models of dark matter is so called MACHO, which comes from Massive Compact Halo
Object. It assumes that the lacking mass comes from macroscopic objects, such as asteroids or even planets, which
do not emit observable radiation. However, theoretical considerations show that the possible contribution of baryons
for the total amount of dark matter is far too small to explain observed effects, see e.g. [5].
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1.1 Existence of dark matter
1.1.1 Rotation curves
The earliest argument for existence of dark matter is analysis of the galaxies’ and galaxy clusters’
rotation curves. This was first formulated by Fritz Zwicky in 1933 [3]. The idea is that rotation
of galaxies or galaxy clusters should lead them to fall apart because of the centrifugal force2. To
prevent this, the centrifugal force should be balanced by the gravitational force:
G
M(r)∆m
r2
=
∆mv(r)2
r
⇒ v(r) =
√
G
M(r)
r
. (1)
Here v(r) denotes the velocity of the rotational movement of a given element of galaxy of mass ∆m,
situated in distance r from the galaxy center. M(r) stands for the total mass of the galaxy enclosed
within the ball of radius r; the ordinary matter contribution can be estimated by observations –
since it is electrically charged, it emits radiation that can be detected.
Mass of observed matter does not explain strength of gravitation that would prevent the falling
apart, therefore Zwicky suggested existence of some invisible (that is, not interacting electromagne-
tically) „dark matter” (dunkle Materie) which contributes to mass of galaxies. These observations
were confirmed many times, nowadays they are presented using so called rotation curves – depen-
dence between distance from the center of the galaxy and rotation velocity (see fig. 1).
Figure 1: Rotation curve of the M33 galaxy. The green line corresponds to observed distribution
of rotational velocity, the orange one – to distribution derived from eq. (1) using mass of observed
luminous matter as M(r). Based on [4]
1.1.2 Gravitational lensing
The most direct proof for the existence of dark matter are observations of so called gravitational
lensing effect. Since gravitational field interacts with light, deflecting its trajectory, analysis of
observed images can be used to reproduce the mass distribution in the observed area. It appears
often that the distribution of luminous matter is not sufficient to explain the observed lensing effect.
2Velocities of such motions are small compared to c, so use of Newtonian approximation is fully justified.
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Therefore it is assumed that the lacking part of mass that produces reconstructed gravitational field
is dark matter. One of the most spectacular examples is the Bullet Cluster (cluster 1E 0657-558),
see fig. 2.
Figure 2: The Bullet Cluster. Pink and blue colouring is artificially added. Pink corresponds to the
luminous matter distribution (observed in X-ray range), blue is the distribution reconstructed from
the gravitational lensing effects. Source: https://apod.nasa.gov/apod/ap060824.html
This picture is interpreted as an image of a collision of two galaxy clusters (one coming from left
and one from right). Electromagnetically interacting luminous matter (pink) slowed down, while
dark matter (blue), whose interactions are much weaker, passed through.
1.1.3 Non-uniformity of the CMBR
The amount of non-baryonic matter in the Universe can be derived from observations of the
cosmic microwave background fluctuations, what is described with more details in [6]. The main
idea is that the primordial density anisotropies have attracted both baryonic and dark matter.
Since matter was ionized that time, increasing of the density led to increased photon pressure,
which repelled ordinary matter interacting with photons, but did not repel dark matter. The ratio
between the amounts of baryonic and dark matter influences the multipole expansion of the present
spectrum of the CMBR fluctuations, which is measured with a very good accuracy, e.g. by Planck
[7].
1.2 Multi-component dark matter
Observations in big scales, such as non-uniformity of the CMBR, are perfectly explained by the
one component WIMP models. However, at galactic scales there appear problems that can be solved
by introducing dark matter self-interactions, or even, more than one DM component. These small
scale discrepancies, as well as possible solutions, are described in numerous sources, e.g. [9, 10].
Here we briefly describe the most often mentioned problems.
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1.2.1 The core-cusp problem
N-body simulations based of one-component, collisionless cold dark matter models (see e.g. [11])
indicate that density profile of the dark matter halo should steeply decrease with the distance from
the centers of the galaxies. However, observations lead to constraints that these profiles have rather
flat core (see [12]).
1.2.2 The missing satellites problem and the too-big-to-fail problem
Simulations indicate also that the dark matter haloes of the big galaxies, such as Milky Way,
should be surrounded by a large number of smaller sub-haloes, attracting ordinary matter and
therefore leading to formation of satellite galaxies. According to [9], our Galaxy should have several
hundreds of subhaloes, while the known number of satellite galaxies is of the order of ten (this is
called the missing satellites problem). Possible solution is that most of the subhaloes are too small
to attract the sufficient amount of baryonic matter. However, size of the largest predicted subhaloes
should cause formation of larger satellite galaxies than observed. This discrepancy is known as the
too-big-to-fail problem.
2 Basics of cosmology
2.1 Cosmological principle
Cosmology studies the Universe as a whole, therefore it operates with very large scales of di-
stance. The size of our Galaxy is ca. 30 kpc (diameter), the sizes of galaxy clusters are usually of
order of 10 Mpc. The scales considered in comology are of order of 100 Mpc and higher. In such
large scales the Universe seems to be isotropic and homogeneous (equivalently: isotropic from each
point of space) – these conditions are the usual assumption in cosmological studies. We call this
assumption the cosmological (or Copernican) principle.
The main experimental argument for the cosmological principle are observations of the cosmic
microwave background radiation (CMBR). This radiation consists of photons that decoupled from
matter when the Universe was approximately 300 thousand years old, and has thermal distribution
corresponding to temperature 2.725 K. The observed spatial distribution of this temperature is
homogeneous up to about 0.01%.
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Figure 3: Planck mission data of the Cosmic Microwave Background. Source: http://sci.esa.
int/science-e-media/img/61/Planck_CMB_Mollweide_4k.jpg
The cosmological principle has three main mathematical consequences, which will be used thro-
ughout the thesis:
1. The metric of the Universe should be isotropic and spatially homogeneous.
2. For any kind of particles, their phase-space distribution function, f(pµ, xµ), should not depend
on the spatial position and the direction of momentum. Hence, it depends on time and energy
only: f(pµ, xµ) = f(E, t).
3. The energy-momentum tensor of the Universe takes the same form as for the perfect fluid3.
2.2 The cosmic time
The Universe is not isotropic in all possible frames. The cosmological principle states only that
there exists such a frame and the Universe can be treated as a perfect fluid in this specific frame
only. We will call an observer who is stationary in this frame a fundamental observer.
Cosmic time is the time measured by the fundamental observer. Observers moving relatively
to the fundamental one measure different time and for them the Universe is not isotropic (they
will observe larger density of the Universe in direction of their movement and smaller density in
opposite direction).
Whenever in this thesis time is mentioned, it should be understood as the cosmic time. We will
denote it simply by t.
2.3 Friedmann-Lemaˆıtre-Robertson-Walker metric
According to the cosmological principle, the metric of the Universe should be isotropic and
homogeneous. In 1935 H. P. Robertson and A. G. Walker showed that the most general metric
3Actually, this is not the only possibility – sometimes the imperfect fluid with bulk viscosity is considered (only
shear viscosity has to vanish because of isotropy), see e.g. [13, 14, 15]. Perfect fluid is the simplest possibility and is
sufficient to describe radiation and dust, which are considered the main components of the Universe.
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satisfying these assumptions is so called Friedmann-Lemaˆıtre-Robertson-Walker metric, which is
just a Euclidean metric with spatially-constant curvature k(t) and global time-dependent scale
factor R(t) added:
ds2 = dt2 −R2(t)
(
dr2
1− k(t)r2 + r
2(dθ2 + sin2 θdφ2)
)
.
Note that for non-zero curvature one can always rescale it to ±1:
r → |k| 12 r , R→ |k|− 12R , k → |k|−1k = ±1.
Since the sign of the curvature factor remains constant all the time (what is discussed in [16]), we
can use such variables in which k(t) ≡ 1 or k(t) ≡ −1.
The ratio between the time derivative of the scale factor and the scale factor itself is called the
Hubble parameter and denoted by H:
H ≡ R˙(t)
R(t)
.
The current value of the Hubble parameter is, according to the Planck data [7], H0 ≈ 67km/sMpc .
2.4 Expansion of the Universe, redshift and the Hubble law
The Universe expands, what is described by changes of the scale factor R(t). The important
relation of observational cosmology connected with the expansion is so called redshift equation, that
describes change of the wavelength of light emitted when the scale factor was equal to Re and
observed now, with the scale factor equal to R0:
z ≡ λ
′ − λ
λ
=
R(t0)
R(te)
− 1. (2)
Parameter z is called the redshift and is sometimes used as a time scale of the Universe, since it
corresponds directly to the scale factor.
Redshift can be known from observations – for example, if we observe a star light with the
spectral lines corresponding to known elements, but shifted towards lower energies, we can calculate
z. It can be further used to determine the Hubble parameter, by using the Hubble law:
dlH0 = z +
1
2
(1− q0)z2 + . . .
Here dl denotes the luminosity distance from the light source, defined as the distance in a static
Universe that would lead to such changes in luminosity of a given object as observed. Absolute
luminosity of a given observed object can often be theoretically predicted (for example if it is a
supernova of known type), therefore dl is easy to measure. The acceleration parameter q0 is defined
as
q0 ≡ − R¨0R0
R˙20
.
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Figure 4: The Hubble diagram for Type Ia Supernovae. In the non-relativistic regime velocity is
proportional to the redshift. Source: http://www.pnas.org/content/101/1/8/F3.large.jpg
3 The Friedmann equations
Having the FLRW metric and the momentum-energy tensor, one can combine them via the
Einstein equation:
Rµν − 12Rgµν = 8piGTµν + Λgµν .
As already mentioned in section 2.1, we work under an assumption that in large scales the contents
of the Universe can be approximately treated as a perfect fluid, whose energy-momentum tensor is
Tµν =

ρ 0 0 0
0 −P 0 0
0 0 −P 0
0 0 0 −P
 ,
where ρ stands for density and p for pressure. Hence
Tµν = gµαTαν =

ρ 0 0 0
0 R
2
1−kr2P 0 0
0 0 R2r2P 0
0 0 0 R2r2P sin2 θ
 .
The Ricci tensor for the FLRW metric reads
Rµν =

−3 R¨R 0 0 0
0 2k+2R˙
2+RR¨
1−kr2 0 0
0 0 (2k + 2R˙2 +RR¨)r2 0
0 0 0 (2k + 2R˙2 +RR¨)r2 sin2 θ
 ,
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and the Ricci scalar is
R = −6k + R˙
2 +RR¨
R2
.
The t− t component of the Einstein equation (after division by 3) is so called Friedmann evolution
equation (or just Friedmann equation):
H2 +
k
R2
=
8piG
3
ρ+
Λ
3
, (3)
where H = R˙R is the Hubble parameter.
The sum of the t − t component (multiplied by − 16 ) and the r − r component (multiplied by
− 12 1−kr
2
R2 ) we call the Friedmann acceleration equation (or just acceleration equation):
H˙ +H2 = −4piG
3
(ρ+ 3P) + Λ
3
. (4)
Taking the time derivative of (3) and combining it with (3) and (4), we obtain the continuity
equation:
ρ˙ = −3H(ρ+ P). (5)
To simplify the form of the Friedmann equations we can now introduce „density” and „pressure”
functions corresponding to the cosmological constant Λ and the curvature factor k:
ρΛ ≡ Λ8piG, ρk ≡ −
3k
8piG
R−2,
PΛ ≡ −ρΛ, Pk ≡ −13ρk.
We assume that the contents of the Universe can be approximately treated as a mixture of two
kinds of objects:
• radiation (ultra-relativistic particles), which satisfies prad = 13ρrad,
• matter (non-relativistic objects; sometimes called dust), which satisfies pmat = 0.
Of course, there also exist particles that are relativistic (so the kinetic energy is comparable to
mass, what leads to non-zero pressure), but not ultra-relativistic (so ρ = 3P relation is not satisfied).
Nevertheless, it is a common assumption in cosmology to treat contents of the Universe as a mixture
of radiation and dust (see e.g. [6]).
The Friedmann equations now read:
H2 = 8piG3 ρ
H˙ +H2 = − 4piG3 (ρ+ 3P)
ρ˙ = −3H(ρ+ P)
, (6)
where
ρ = ρrad + ρmat + ρΛ + ρk,
P = Prad + Pmat + PΛ + Pk.
(7)
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In case of matter, the energy density should evolve like R−3 because it is proportional to the total
amount of matter divided by the unit volume of the Universe.
For radiation, the density should evolve like R−4. Apart the volume-increasing effect, also the
wavelength of any radiation increases proportionally to R, according to the redshift equation:
1 + z =
R0
Re
,
lowering the total energy4.
Hence:
ρmat = ρ0mat
(
R
R0
)−3
, ρrad = ρ0rad
(
R
R0
)−4
,
ρΛ = ρ0Λ, ρk = ρ
0
k
(
R
R0
)−2
,
(8)
where
ρ0Λ ≡
Λ
8piG
ρ0k ≡ −
3k
8piGR20
.
We define the critical density ρc as a solution of the flat Universe (k = 0) and no cosmological
constant case:
ρc ≡ 3H
2
8piG
.
Because the Universe consists of many components, it is convenient to define the density parameter,
which is a ratio of certain component’s density and the critical one:
Ωα ≡ ρα
ρc
,
where α denotes given component.
Since experiments, like Planck [7] and WMAP [8], show that the Universe is flat or nearly flat,
the density of our Universe is assumed to be the critical one.
3.1 Solution of the Friedmann equation
We are going to solve the Friedmann evolution equation:(
R˙
R
)2
=
8piG
3
ρ.
4One should understand that the assumption about constant total amount of matter or radiation is quite na¨ıve,
since e.g. matter can annihilate into photons, changing their number. This assumption works more properly if we
neglect such interactions (because of expansion of the Universe or matter-antimatter asymmetry) or assume that
annihilation and creation processes are in equilibrium. Interactions between particles of matter that produce particles
of similar mass are allowed, since due to energy conservation they do not change the total energy density.
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Taking square root5 and integrating over dt, we obtain∫ t
0
dR
Rρ
1
2
=
√
8piG
3
t.
Assuming the Universe can be treated as a mixture of dust (non-relativistic matter) and radiation
(ultra-relativistic particles), in the presence of the curvature k and the cosmological constant Λ the
equation reads √
8piG
3
t =
∫ R(t)
0
dR
[ρ0radR
4
0/R
2 + ρ0matR
3
0/R+ ρ
0
kR
2
0 + ρ
0
ΛR
2]
1
2
. (9)
This integral cannot be calculated analytically. The usual assumption is, in the early Universe the
scale factor R is so small, that the radiation term is the only that matters. Let us now discuss it.
3.1.1 Radiation domination epoch
Radiation dominates when
ρ0rad
(
R0
R
)4
 ρ0mat
(
R0
R
)3
⇐⇒ R R0 ρ
0
rad
ρ0mat
,
ρ0rad
(
R0
R
)4
 ρ0k
(
R0
R
)2
⇐⇒ R R0
(
ρ0rad
ρ0k
) 1
2
,
ρ0rad
(
R0
R
)4
 ρ0Λ ⇐⇒ R R0
(
ρ0rad
ρ0Λ
) 1
4
.
Present ratios of densities, appearing in these conditions, are (from [7])
ρ0rad
ρ0mat
≈ 2.9 · 10−4,
(
ρ0rad
ρ0k
) 1
2
≈ ∞,
(
ρ0rad
ρ0Λ
) 1
4
≈ 1.0 · 10−1.
According to [7], ρ0k is too small to be comparable with other components’ densities.
Hence, the most restricting condition is
R R0 ρ
0
rad
ρ0mat
⇐⇒ R
R0
 2.9 · 10−4.
During the radiation domination epoch, equation (9) simplifies to√
8piG
3
t =
∫ R(t)
0
RdR
[ρ0rad]
1
2 R20
=
R2
2 (ρ0rad)
1
2 R20
=⇒ t = 1
2
√
3
8piGρ0rad
(
R
R0
)2
=
1
2H0
1√
Ω0rad
(
R
R0
)2
. (10)
5The Universe is expanding, so R˙ > 0, therefore we take the square root with „+” sign. Solution with negative
sign (i.e. collapsing of the Universe) is possible only in the closed Universe case, ie. k > 0.
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Now we can check for what times the scale factor condition is satisfied:
R
R0
 2.9 · 10−4 ⇐⇒ t 1
2H0
8.41 · 10−8√
Ω0rad
≡ trad.
Using the Ω0rad and H0 values from [7], we obtain the upper time boundary of the radiation domi-
nated epoch:
t trad ≈ 63.6 ky. (11)
In the next section we use eq. (10) to find the corresponding bound in terms of temperature.
4 Thermodynamics of the Universe
In this chapter we investigate Universe as a thermodynamical system. We consider such quan-
tities as temperature, entropy density or chemical potentials of particles involved.
4.1 Temperature dependence of the thermodynamical parameters
Here we show how do the energy density, pressure and entropy density depend on temperature
of the Universe6.
For any gas, its number density, energy density and pressure can be expressed in terms of the
distribution function f(~p) as
n ≡ g
(2pi)3
∫
f(~p)d3p,
ρ ≡ g
(2pi)3
∫
f(~p)Ed3p,
P ≡ g
(2pi)3
∫
f(~p)
~p2
3E
d3p,
where g stands for the number of internal degrees of freedom and energy is defined, as usually, as
E2 = ~p2 +m2 for the particles of given mass m. Assuming equilibrium distribution (Bose-Einstein
for bosons, Fermi-Dirac for fermions) and therefore using f(~p) = f(E) =
[
exp
(
E−µ
T
)
± 1
]−1
, one
obtains
n ≡ g
2pi2
∫ ∞
m
√
E2 −m2
e
E−µ
T ± 1
EdE =
gT 3
2pi2
∫ ∞
m
T
√
u2 − (mT )2
eu−
µ
T ± 1 udu,
ρ ≡ g
2pi2
∫ ∞
m
√
E2 −m2
e
E−µ
T ± 1
E2dE =
gT 4
2pi2
∫ ∞
m
T
√
u2 − (mT )2
eu−
µ
T ± 1 u
2du,
P ≡ g
6pi2
∫ ∞
m
(E2 −m2) 32
e
E−µ
T ± 1
dE =
gT 4
6pi2
∫ ∞
m
T
(
u2 − (mT )2) 32
eu−
µ
T ± 1 du,
6Precise meaning of this term is explained in section 4.3
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where in the denominator one should use +1 for fermions and −1 for bosons. In the last column
we introduce an auxiliary variable u = ET .
Let us consider now the ultra-relativistic and the non-relativistic limit of these formulae.
• In the ultra-relativistic limit (T  m,µ), density and pressure take the form
n ≈ gT
3
2pi2
∫ ∞
0
1
eu ± 1u
2du =
ζ(3)
pi2
gT 3 ·
{
1 for bosons
3
4 for fermions
,
ρ ≈ gT
4
2pi2
∫ ∞
0
1
eu ± 1u
3du =
pi2
30
gT 4 ·
{
1 for bosons
7
8 for fermions
,
P = 1
3
ρ.
(12)
To express the total radiation energy density, one can introduce the total number of effectively
massless degrees of freedom g∗, defined as
g∗ ≡
∑
b∈bosons
gb
(
Tb
T
)4
+
7
8
∑
f∈fermions
gf
(
Tf
T
)4
.
In principle, temperatures of various components of the Universe do not have to be equal,
hence Tb (Tf ) denotes temperature of a given kind of bosonic (fermionic) particles.
The total energy density of ultra-relativistic particles reads now
ρrad =
pi2
30
g∗T 4.
To calculate the entropy density, i.e. entropy per unit volume, let us use the first law of
thermodynamics (with chemical potential neglected7):
dU = TdS − pdV,
where U is the energy, S is the entropy and V is the volume of the considered portion of fluid.
Dividing8 by dV we obtain
ρ =
dU
dV
= T
dS
dV
− P = Ts− P, (13)
where s is the entropy density. Using p = 13ρ, we can obtain a formula for the total radiation
entropy density (analogically as for ρrad):
srad =
2pi2
45
g∗sT 3,
where
g∗s ≡
∑
b∈bosons
gb
(
Tb
T
)3
+
7
8
∑
f∈fermions
gf
(
Tf
T
)3
.
7A short discussion of neglecting the chemical potential is provided in section 4.5.
8Of course, this „division” is only a mnemotechnic, actually we act with differential 1-form dU on the vector ∂V
from the space tangent to abstract manifold equipped with coordinates S and V .
17
• In the non-relativistic limit (T  m) we also assume that the chemical potential is much
smaller than the mass (µ  m, see section 4.5). The exponential term eE−µT ≈ eET is much
bigger than one, hence there is no difference between bosons and fermions. We obtain
n ≈ gT
3
2pi2
∫ ∞
m
T
√
u2 −
(m
T
)2
e−u+
µ
T udu =
g
2pi2
m2TK2
(m
T
)
e
µ
T ,
ρ ≈ gT
4
2pi2
∫ ∞
m
T
√
u2 −
(m
T
)2
e−u+
µ
T u2du =
g
2pi2
m2T
[
mK1
(m
T
)
+ 3TK2
(m
T
)]
e
µ
T ,
P ≈ gT
4
6pi2
∫ ∞
m
T
(
u2 −
(m
T
)2) 32
e−u+
µ
T du =
g
2pi2
m2T 2K2
(m
T
)
e
µ
T ,
(14)
where Ki is the i-th modified Bessel function of the second kind. For big x, the Bessel functions
can be well approximated by Ki(x) ≈
√
pi
2xe
−x. Therefore, if x ≡ mT  1, we can approximate
appropriate functions by
n ≈ g
(
mT
2pi
) 3
2
e−
m
T e
µ
T ,
ρ ≈ gm
(
mT
2pi
) 3
2
e−
m
T e
µ
T = mn,
P ≈ gT
(
mT
2pi
) 3
2
e−
m
T e
µ
T = Tn ρ.
(15)
Note that density and pressure of the non-relativistic particles are suppressed by the e−
m
T
factor, hence the main contribution is radiation.
On the other hand, we can use eq. (8):
ρrad = ρ0rad
(
R0
R
)4
,
⇒ ρ0rad
(
R0
R
)4
≈ pi
2
30
g∗T 4.
Using equation (10) we obtain the time-temperature relation:
t =
√
45
16pi3
mPl
T 2
√
g∗
≈ 0.301 mPl
T 2
√
g∗
, (16)
where mPl ≡ G− 12 is the Planck mass.
We can now express the radiation domination condition (11) in terms of temperature:
T  Trad =
[√
45
16pi3
mPl√
g∗
t−1rad
] 1
2
≈ 8.1 · 10−10 GeV ≈ 9.4 · 103 K. (17)
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The numbers of effective degrees of freedom, g∗ and g∗s, can be calculated theoretically at given
temperature, knowing masses of all the Standard Model particles. Their behaviour is shown in fig.
5.
Figure 5: Effective number of degrees of freedom: g∗ (solid) and g∗s (dotted). Source: [17]
4.2 Entropy conservation
In this section we will derive conservation of the entropy of the Universe. Derivation is quite
detailed since in most of the cosmology textbooks the chemical potential is neglected at the very be-
ginning, here it is present all the time. We discuss neglection of the chemical potential in section 4.5.
Let us recall the first law of thermodynamics:
dU = TdS − PdV + µdN. (18)
We would like to express it using T and V as variables:
dU = T
∂S
∂T
dT + T
∂S
∂V
dV − PdV + µndV + µV dn =
=
(
T
∂S
∂T
+ µV
dn
dT
)
dT +
(
T
∂S
∂V
− P + µn
)
dV.
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Having this form, we can easily obtain the partial derivatives of entropy with respect to T and V :
∂U
∂T
= T
∂S
∂T
+ µV
dn
dT
⇒ ∂S
∂T
=
1
T
(
∂U
∂T
− µV dn
dT
)
,
ρ =
∂U
∂V
= T
∂S
∂V
− P + µn ⇒ ∂S
∂V
=
ρ+ P − µn
T
.
The second order mixed derivatives must be equal to each other:
∂2S
∂V ∂T
=
∂2S
∂T∂V
,
1
T
∂ρ
∂T
− µ
T
dn
dT
=
1
T
∂(ρ+ P − µn)
∂T
− ρ+ P − µn
T 2
,
⇒ ∂P
∂T
=
ρ+ P − µn
T
+ n
dµ
dT
.
Since pressure and chemical potential are functions of temperature only, it is equivalent to
dP = ρ+ P − µn
T
dT + ndµ. (19)
Therefore, using eq. (18) and eq. (19), we obtain
dS =
1
T
[d(V ρ) + PdV − µd(V n)] = 1
T
[d (V (ρ+ P − µn))− V dP + V ndµ] =
=
1
T
[
d (V (ρ+ P − µn))− V ρ+ P − µn
T
dT
]
= d
[
V (ρ+ P − µn)
T
]
,
hence the time derivative reads
dS
dt
= 3HV
ρ+ P − µn
T
+ V
ρ˙+ P˙ − ddt (µn)
T
− V ρ+ P − µn
T 2
T˙ =
=
V
T
[ρ˙+ 3H(ρ+ P)]− µV
T
(3Hn+ n˙) +
V
T
[
P˙ − nµ˙− (ρ+ P − µn) T˙
T
]
=
= −µV
T
(3Hn+ n˙).
The first term has been cancelled due to the continuity equation (6). The last one vanishes according
to eq. (19). Note that when µ = 0, entropy is conserved.
Using entropy density defined as s = SV =
S
R3 , we obtain
s˙+ 3Hs = −µ
T
(3Hn+ n˙),
s˙
s
= −3H − µ
sT
(3Hn+ n˙). (20)
This result will be used in derivation of the Boltzmann equation in chapter 5.
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4.3 Thermodynamic equilibrium
Before we go further in our considerations, we should precisely state, what do we mean by ther-
modynamic equilibrium.
We distinguish two kinds of thermodynamic equilibrium:
• kinetic (or thermal) equilibrium,
• chemical equilibrium.
Throughout the thesis, whenever any kind of particles is said to be just in equilibrium (thermal
or chemical), it should be understood as being in equilibrium with photons.
Chemical equilibrium between two kinds of particles means that processes transforming one of
the kinds into the second one are balanced by oppositely directed processes, what is connected to
the chemical potentials (we discuss it in section 4.5). As argued in section 4.5, chemical potential of
photons is equal to 0. Because of large effectiveness of electromagnetic processes, all the electrically
charged particles (and Higgs particle, which is strongly coupled to the massive charged bosons and
quarks) – that is, all the SM particles with possible exception of neutrinos – are assumed to be in
chemical equilibrium with photons.
Let us consider some kind of dark (i.e. not interacting electromagnetically) particles from bey-
ond the Standard Model. In some moment, because the Universe expands, the particle gas can
become too dilute to effectively annihilate into SM (convenient criterion is that the annihilation
rate, Γann = n〈σv〉ann, becomes comparable to the Hubble parameter, that is, the rate of expansion
of the Universe), what ends chemical equilibrium. This moment is called the freeze-out or chemi-
cal decoupling9. For the cold dark matter particles of mass m, the freeze-out occurs usually when
m
T ≈ 20− 30, what is satisfied also in the model considered here.
Thermal equilibrium between two kinds of particles means that they share common temperature
(that is, their energies are described by Fermi-Dirac or Bose-Einstein distributions parametrized
with the same temperature). It is obtained mainly through the elastic scattering processes. Thermal
equilibrium with photons for the SM particles10 is maintained all the time, since they are electrically
charged – or, like Higgs particles, their interactions with electrically charged matter are strong.
Whenever the temperature of the Universe is mentioned, it should be understood as the tempe-
rature of photons. Since the Standard Model is thermally coupled to photons, it is also temperature
of all the SM particles.
In analogy to chemical equilibrium, thermal equilibrium of a given kind of DM particles ends
when DM-SM scattering rate11, Γscat = nscat〈σv〉scat, becomes comparable to the Hubble parameter.
In our calculations we assume that DM particles remain in thermal equilibrium long after chemical
decoupling. To justify this assumption, let us compare the annihilation rate with the scattering
9In the one-component dark matter case chemical decoupling is equivalent to freeze-out. For multi-component
dark matter we distinguish chemical decoupling, which is the end of equilibrium with photons, from freeze-out, which
is stabilization of the yield of a given kind of particles.
10With possible exception of neutrinos, see e.g. [18].
11Note that here we use nscat, which is number density of SM particles being the scattering partners for DM.
Γ−1scat = τscat is the mean time between two consecutive scatterings of a given DM particle moving with mean relative
velocity v through a cloud of SM particles with number density nscat.
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rate:
Γscat
Γann
=
nscat〈σv〉scat
n〈σv〉ann .
Let us note that:
• non-relativistic DM can annihilate only into lighter states, while the scattering particle can
have any mass – therefore, for scattering more channels are allowed,
• if the scattering partner is lighter than the given DM particle (in particular, if it is any of
states that DM can annihilate into), nscat is much higher than n due to exponential term e−
m
T
in eq. (15).
If allowed, the cross section for annihilation into pair of given SM particles should be roughly the
same as cross section for scattering on one of these particles, i.e.
〈σv〉χχ→aa¯ ∼ 〈σv〉χa→χa,
where χ denotes DM particle and a is the SM scattering partner. Hence, Γscat contains all the terms
(and also a term for every additional channel allowed) present in Γann, but multiplied by nscat  n
instead of n. For light scattering partners (i.e. still relativistic during the chemical decoupling of
DM particles, what means mscat < 120m), near the temperature of freeze-out (T ∼ m20 ) we can use
the relativistic approximation (12) for nscat, obtaining
nscat
n
≈
(
T
m
) 3
2
e
m
T ∼ 106.
Chemical decoupling takes place when Γann ∼ H, so Γscat  Γann means Γscat  H – hence,
thermal equilibrium is still maintained long after the chemical decoupling.
There exists, however, a case, described in the next section, when the annihilation cross-section
is enhanced in comparison to scattering and the thermal decoupling can occur even before the
chemical one.
4.3.1 Resonant annihilation model and the early kinetic decoupling
Let us assume that dark matter interacts with the SM only through a mediator resonant particle
R (fig. 6)
DM
DM
SM
SM
R
DM DM
SM SM
R
Figure 6: DM-SM interaction diagrams in the resonant annihilation model: annihilation (left) and
scattering (right)
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Let Γ be the total mediator decay rate, M be the mass of the mediator, ΓM . According to
[19], the cross-section for the annihilation satisfies
σann ∼ 1(s−M2)2 + Γ2M2
vrel1≈ 1
Γ2M2
,
while the scattering cross-section
σscat ∼ 1(t−M2)2 + Γ2M2
vrel1≈ 1
M4
,
where s and t are the Mandelstam variables and we assume that the relative velocity vrel of the
incident particles is small since usually we consider non-relativistic dark matter. Since Γ  M ,
the scattering cross-section should be much smaller than the annihilation cross-section. If kinetic
decoupling of the dark matter particles occurs early, we should assume that their temperature
changes like R−2 (for non-relativistic dust, see eq. (23)), not like R−1 (for particles coupled to the
Standard Model dominated by radiation, see eq. (22)). Therefore, evolution of the density of the
early kinetic decoupled DM is different than in the standard late decoupling case.
To obtain the correct value of the DM relic abundance (i.e. Ωh2 ≈ 0.12), the scattering cross-
section has to be additionally suppressed, giving as a result temperature of the kinetic decoupling
of the same order as temperature of the chemical decoupling (further discussion can be found in
[19, 20]).
In this thesis we assume that because of presence of scattering processes in s-channel, thermal
decoupling happens much later than the freeze-out.
4.4 Particles decoupled from the thermal bath
After kinetic decoupling from the thermal bath, temperature of a given kind of particles is not
necessarily the temperature of photons. What is behaviour of this parameter then?
First, note that the phase space element is not affected by expansion of the Universe. Let d3p d3x
denote the phase space element at temperature T and let d3p′d3x′ correspond to T ′. Indeed, since
momentum of a free particle changes like R−1 and distance scales like R, we obtain
d3p′d3x′ =
(
R
R′
)3
d3p
(
R′
R
)3
d3x = d3p d3x. (21)
Let us now consider particles decoupled from the thermal bath, that are contained in a given
phase space element. Their number at temperature T should be equal to the number of particles
in corresponding phase space element at temperature T ′ (for both temperatures smaller than the
temperature of decoupling),
f(~p)d3p d3x ≡ dN ≡ f ′(~p′)d3p′d3x′ (21)= f ′(~p′)d3p d3x,
where f(~p) is the appropriate distribution function. Hence
1
exp
(
E−µ
T
)
± 1
= f(~p) ≡ f ′(~p′) = 1
exp
(
E′−µ′
T ′
)
± 1
.
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For particles that are relativistic at time of decoupling, we use E ≈ p to obtain
exp
(
p− µ
T
)
≡ exp
(
p′ − µ′
T ′
)
= exp
(
R
R′ p− µ′
T ′
)
.
This equality should hold for every p, therefore
T ′ =
R
R′
T, µ′ =
R
R′
µ, (22)
that is, temperature and chemical potential of particles relativistic during the kinetic decoupling
scale later as R−1.
If particles are non-relativistic when decoupling, energy and momentum satisfy E ≈ m + p22m ,
therefore for every p
exp
(
p2
2m +m− µ
T
)
≡ exp
(
(p′)2
2m +m− µ′
T ′
)
= exp
((
R
R′
)2 p2
2m +m− µ′
T ′
)
,
hence
T ′ =
(
R
R′
)2
T, µ′ =
(
R
R′
)2
µ, (23)
that is, temperature and chemical potential of particles non-relativistic during the kinetic decoupling
scale later as R−2.
4.5 The chemical potential
Usually in cosmology textbooks, the chemical potential is neglected without any or with little
comment. In this section we shortly investigate the reasons that allow us to do so.
4.5.1 Photons
There are few arguments, clearly listed in [21], proving that the chemical potential of photons,
µγ , has to be equal to 0. The simplest is, that during the scattering of electrically charged particles
an arbitrary number of photons can be produced, even if equilibrium is maintained. It means that
the sum of the chemical potential of scattering particles has to be equal itself plus the chemical
potential of photons, therefore µγ = 0.
4.5.2 Other particles
For any two species a and b in chemical equilibrium obtained through the annihilation processes,
the following condition must be satisfied:
µa + µa¯ = µb + µb¯.
So, for any particle a in equilibrium with photons, its chemical potential has to satisfy
µa + µa¯ = 0, (24)
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where a¯ is the corresponding antiparticle.
Chemical potential can be connected with the matter-antimatter ratio. Since particles and an-
tiparticles differ only by charge, not by mass nor the number of degrees of freedom, the difference
between their number densities (in the non-relativistic limit) is, according to eq. (15),
na − na¯ ≈ 2 sinh
(µa
T
)
g
(
mT
2pi
) 3
2
e−
m
T .
We assume that, due to large degree of symmetry between matter and antimatter in the early
Universe, chemical potential can be neglected in comparison to temperature.
Following directly from eq. (24), for any particle a being its own antiparticle µa = 0 without
any approximations and assumptions other than equilibrium with photons (note that the particles
in equilibrium with photons do not necessarily need to be charged since the equilibrium can be
achieved indirectly in several steps of reaction).
After chemical decoupling, chemical equilibrium is no longer maintained and therefore potential
can no longer be neglected in comparison to temperature, nevertheless we will assume that even after
the decoupling the chemical potential is still negligible in comparison to mass. This assumption will
be used in the section 5 and in the non-relativistic approximation of thermodynamical quantities
(15).
4.6 Quantum degeneracies
The important question is when the quantum degeneracies, i.e. Bose-Einstein condensation or
fermionic degeneracy, can become relevant for dark matter interactions.
To find the answer, we can compare the mean de Broglie wavelength,
〈λ〉 = 2pi〈Ek〉 , 〈Ek〉 ∼ T,
with the mean distance between the particles:
〈d〉 = n−1/3.
Hence (using the non-relativistic approximation of the number density):
〈d〉
λ
∼ 1
2pi
Tn−1/3 =
1
2pi
T
[
g
(
mT
2pi
)3/2
e
µ−m
T
]−1/3
=
1√
2pi
√
T
m
g−1/3e
−µ+m
3T ,
where m is mass, T is temperature, µ is the chemical potential and g is the number of internal
degrees of freedom of a given kind of particles. We assume that the chemical potential can be
neglected in comparison to mass.
For mT = x > 1.5 this function is fast growing with x. For x ≈ 13, value of 〈d〉λ is around ten,
therefore it is justified to neglect the quantum degeneracies around the moment of freeze-out, which
occurs at x ≈ 20− 30.
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5 The Boltzmann equation
The Boltzmann transport equation describes the change of the number of particles in a given
phase space region, caused by collisions (or, in general, any interactions) between them. The pur-
pose of this section is to provide a step-by-step derivation of the Boltzmann equation, used in this
thesis to calculate abundances of DM particles, including explicitly listed assumptions. We follow
derivation provided in [1], with additional detailed discussion when needed.
The most general form of the equation reads:
Lˆf = Cˆf,
where Lˆ is called the Liouville operator, Cˆ is called the collision term and f = f(xµ, pµ) is the
distribution function.
The Liouville operator is defined in curved space-time as
Lˆ ≡ pµ∂µ − Γµαβpαpβ
∂
∂pµ
.
For the Friedmann-Lemaˆıtre-Robertson-Walkermetric and under the assumption that the distribu-
tion function is homogeneous and isotropic (i.e. f(xµ, pµ) = f(t, E)), the Liouville operator takes
the following form:
Lˆ = E∂t −H|~p|2∂E ,
where H is the Hubble parameter, defined using the scale factor R as H = R˙R . The Boltzmann
equations now reads:
E∂tf −H|~p|2∂Ef = Cˆf. (25)
Let us consider the Boltzmann equation describing particles denoted as X. We would like to inve-
stigate the time dependence of the number density of the X particles, i.e. number of particles per
unit comoving volume. Formally, in terms of the distribution function f , it is given by:
nX(t) ≡ gX(2pi)3
∫
fd3pX ,
where gX stands for the number of internal spin degrees of freedom of the particle (1 for scalars,
2 for massless bosons and spin- 12 fermions, 3 for massive bosons). Therefore, we can multiply the
Boltzmann equation (25) by 1EX
gX
(2pi)3 and integrate over the momentum of X particles to obtain
n˙X −H gX(2pi)3
∫ |~pX |2
EX
∂Efd
3pX =
gX
(2pi)3
∫
Cˆf
EX
d3pX . (26)
We integrate the LHS by parts. The boundary term can be neglected assuming that the distribution
function vanishes in the limit of infinite energy faster than E−3. After integration we obtain
LHS = n˙X + 3HnX .
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The collision operator is connected with a given process12 Xab . . .↔ ij . . . in the following way:
gX
(2pi)3
∫
CˆfX
EX
d3pX = −
∫
dΦXdΦadΦb . . . dΦidΦj . . . (2pi)4δ(4)(pX + pa + pb + . . .− pi − pj − . . .)·
· [|M¯|2Xab...→ij...fXfafb . . . (1± fi)(1± fj) . . .− |M¯|2ij...→Xab...fifj . . . (1± fX)(1± fa)(1± fb) . . .] ,
(27)
where dΦα ≡ gα(2pi)3 d
3pα
2Eα
denotes the phase space element for particles denoted by α, |M¯ |2 stands for
the spin-averaged squared matrix element for the process and the quantum statistics term 1 ± fα
reads:
1± fα =
{
1 + fα for bosons
1− fα for fermions
.
In the absence of quantum degeneracy, i.e. Bose-Einstein condensation or fermionic degeneracy
(what is a good assumption since the gas of particles is usually very dilute, see section 4.6), the
quantum statistics terms can be well approximated by 1. We also assume T (or, equivalently13,
CP 14) invariance of all the processes considered, so
|M¯|2Xab...→ij... = |M¯|2ij...→Xab... ≡ |M¯|2Xab...ij....
Now we can rewrite the Boltzmann equation as
n˙X + 3HnX = −
∑
ab...ij...
∫
dΦXdΦadΦb . . . dΦidΦj . . . (2pi)4δ(p) · |M¯|2Xab...ij...(fXfafb . . .− fifj . . .)
(28)
(we use δ(p) as an abbreviation of δ(4)(pX + pa + pb + . . . − pi − pj − . . .)). If a given kind of
particles is in thermodynamical equilibrium of the temperature T and chemical potential µ, it will
have thermal distribution function15:
f ≡ exp
(
−E − µ
T
)
.
Before chemical decoupling, chemical potential of the DM particles is assumed to be equal to
0 (what is discussed in section 4.5). Therefore µ = 0 means chemical equilibrium with Standard
Model.
The chemical potential part can be factored-out from the distribution function:
f = exp
(
µ(T )
T
)
exp
(
−E
T
)
. (29)
12To obtain the full collision term one has to sum over all the processes that change the number of considered
particles.
13Since CPT is assumed to be the exact symmetry of any Lorentz-invariant quantum field theory with a Hermitian
Hamiltonian; for details see [22, 23].
14So far, the only observations of violation of the CP symmetry are K0 − K¯0 system [24] and B meson decays
[25]. Hence, CP symmetry is well-motivated assumption.
15We approximate the Bose-Einstein and the Dirac-Fermi statistics by the Maxwell-Boltzmann distribution since,
as mentioned previously, we neglect quantum degeneracies
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Let us denote as f¯ the distribution function without the chemical potential part (so called equili-
brium distribution):
f¯(E) ≡ exp
(
−E
T
)
.
We introduce the equilibrium number density which corresponds to µ = 0:
n¯X(t) ≡ gX(2pi)3
∫
f¯d3pX
(14)
=
gX
2pi2
T 3x2K2(x),
where x ≡ mT .
The distribution function is connected with the equilibrium one by
fα = exp
(
µX(T )
T
)
f¯α =
nα(T )
n¯α(T )
f¯α. (30)
As mentioned in chapter 4.3, dark matter is assumed to be in thermal equilibrium with photons
for a long time after chemical decoupling. Therefore in this thesis, temperature of DM particles
is always assumed to be equal to the Standard Model temperature, so equation (30) can be used
without changing the value of T . Using this assumption we can transform the Boltzmann equation
(28) into the following form:
n˙X + 3HnX = −
∑
ab...ij...
< σXab...ij...v >
(
nXnanb . . .− n¯X n¯an¯b . . . ninj . . .
n¯in¯j . . .
)
, (31)
where we used the thermally averaged cross-section < σXab...ij...v >, defined as
< σXab...ij...v >≡ 1
n¯X n¯an¯b . . .
∫
dΦXdΦadΦb . . . dΦidΦj . . . (2pi)4δ(p) · |M¯|2Xab...ij...f¯X f¯af¯b . . .
In order to simplify the equation, we can change variables from n to Y = ns , where s is the total
entropy density of the Universe, introduced in (13) (as discussed in section 4.1, non-relativistic par-
ticles have negligible contribution to the entropy density, so we do not need to take non-relativistic
dark matter into account). The time derivative of Y is
Y˙ =
1
s
(n˙− ns˙
s
)
(20)
=
1
s
(
1 +
µ
T
Y
)
(n˙+ 3Hn).
In terms of Y eq. (31) reads
Y˙ = −1
s
(
1 +
µ
T
Y
) ∑
ab...ij...
< σXab...ij...v > s
N
(
YXYaYb . . .− Y¯X Y¯aY¯b . . . YiYj . . .
Y¯iY¯j . . .
)
,
where N is the number of particles in the initial state of reaction (X, a, b, . . .).
It is convenient to express the Boltzmann equation in terms of temperature rather than time16.
Instead of time derivative, we will consider dYdx , x ≡ mT :
dY
dx
=
1
x˙
Y˙ = x−2
(
1 +
µ
T
Y
) m
T˙
∑
ab...ij...
sN−1 < σXab...ij...v >
(
YXYaYb . . .− Y¯X Y¯aY¯b . . . YiYj . . .
Y¯iY¯j . . .
)
.
16Since dark matter is assumed to be cold around the moment of decoupling, we can assume that in considered
range of temperatures it has no significant influence on the time-temperature relation
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We will assume that 1 µT Y = nµsT . As discussed in section 4.5, µT cannot be treated as small after
the freeze-out, but ns factor suppresses it to be much smaller than 1. Usually freeze-out occurs at
x ≈ 20− 30, so we can use the non-relativistic approximation:
nµ
sT
=
45g
g∗s
√
pi
2
(m
T
) 3
2 µ
T
e−
m−µ
T .
We see that as long as the chemical potential is much smaller than the mass, the µT Y =
nµ
sT term
can be neglected because of the exponential part e−x.
Now, the Boltzmann equation takes the following form:
dY
dx
=
1
x˙
Y˙ = x−2
m
T˙
∑
ab...ij...
sN−1 < σXab...ij...v >
(
YXYaYb . . .− Y¯X Y¯aY¯b . . . YiYj . . .
Y¯iY¯j . . .
)
.
If we consider 2→ n processes only (N = 2), we obtain
dY
dx
= −L(x)
∑
a,ij...
〈σXa,ij...v〉
(
YXYa − Y¯X Y¯aYiYj . . .
Y¯iY¯j . . .
)
,
where
L(x) ≡ − sm
x2T˙
.
From eq. (16) we obtain (under an assumption that the g∗ function is slowly-changing17 and the-
refore t g˙∗√g∗  1)
T˙ = −
√
4pi3
45
√
g∗
mPl
T 3
and hence
L(x) =
√
pi
45
mmPlx
−2 g∗s√
g∗
. (32)
For decays, N = 1 and the corresponding part of the Boltzmann equation is
dY
dx
= −L˜(x)
∑
ij...
ΓX→ij...
(
YX − Y¯X YiYj . . .
Y¯iY¯j . . .
)
,
where
L˜(x) ≡ − m
x2T˙
=
√
45
4pi3
mPl
m2
x√
g∗
. (33)
Of course, g∗ and g∗s are the temperature dependent functions. Since we assume that dark matter
particles are non-relativistic around the moment of freeze-out, they do not contribute neither to
radiation energy density, nor to radiation entropy density. Hence we can assume that existence of
dark matter does not influence behaviour of g∗ and g∗s and therefore their values are the same as
shown in fig. 5.
Let us briefly summarize the assumptions that have been made throughout the derivation of
the Boltzmann equation:
17Chemical decoupling of dark matter occurs long before QCD transition threshold shown in fig. 5.
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• Isotropy and homogeneity of the Universe lead to isotropy of the distribution function:
f(p, t) = f(E, t).
• The distribution function f(E) has to vanish with energy faster than E−3 to cancel the
boundary term appearing during integration the LHS of eq. (26) by parts.
• The quantum degeneracies are neglected, according to section 4.6. Therefore all the statistical
factors 1±f appearing in eq. (27) are substituted by 1. Also the Fermi-Dirac and Bose-Einstein
distribution functions are approximated by Maxwell-Boltzmann distribution.
• Due to T (equivalently: CP ) invariance, the squared matrix elements of a given process and
the inverted process are assumed to be equal, i.e.
|M¯|2Xab...→ij... = |M¯|2ij...→Xab... ≡ |M¯|2Xab...ij...
• Dark matter is assumed to be in thermal equilibrium with photons for a long time after
chemical decoupling (freeze-out), see section 4.3.
• Dark matter is assumed to be non-relativistic around the point of freeze-out (it appears that
indeed mT
∣∣∣
fo
≈ 20 − 30). Hence it has no significant influence on the expansion rate of the
Universe, the total entropy density, the total energy density and the time-temperature relation
during the radiation domination epoch.
• Long before the chemical decoupling, the chemical potential of DM particles is assumed to
be negligible in comparison to temperature. All the time it is assumed to be negligible in
comparison to mass of the particles (see section 4.5).
• The g∗ function is slowly changing with time, therefore its time dependence can be neglected
during calculating the time derivative of the temperature of the Universe.
6 The model
The vector-fermion dark matter model considered here is described in full detail in [26].
We consider a simple extension of the Standard Model gauge group with the simplest continuous
gauge group, i.e. U(1), which does not act on the Standard Model particles:
G = SU(3)c × SU(2)L × U(1)Y︸ ︷︷ ︸
Standard Model gauge group
×U(1)X .
We add to the SM the gauge field Xµ, connected with U(1)X . We also introduce one complex scalar
S and one fermionic field χ, with following charges:
S : (1, 1, 0, 1), χ : (1, 1, 0,
1
2
).
Note that the newly introduced particles transform trivially under GSM. As it should be for dark
matter candidates, Xµ, S and χ are electrically neutral.
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Our Lagrangian has the following form:
L = LSM + LDM + Lportal,
where LSM is the Standard Model Lagrangian, LDM is the dark sector Lagrangian and Lportal is
responsible for the DM-SM portal coupling:
LDM = −12FµνF
µν + (DµS)∗DµS + µ2S |S|2 − λS |S|4 + χ¯(i /D −mD)χ−
1√
2
(yxS∗χTCχ+ h.c.),
Lportal = −κ|S|2|H|2.
Here Fµν ≡ ∂µXν − ∂νXµ is the gauge field tensor of Xµ, C ≡ −iγ2γ0 denotes charge conjugation
operator and Dµ is the covariant derivative connected with U(1)X group:
Dµ ≡ ∂µ + igxqxXµ,
where gx is the coupling constant and qx denotes the charge with respect to U(1)X , which is 0 for
SM particles, 1 for S and 12 for χ, as defined above.
The Lagrangian is invariant under the charge conjugation that acts on the dark sector particles
in the following way:
χ→ χC ≡ −iγ2χ∗, S → SC ≡ S∗, Xµ → XCµ ≡ −Xµ. (34)
The role of this symmetry will be discussed in section 6.1.
To find the physical scalar states, we have to investigate the scalar potential part of the Lagran-
gian:
V (H,S) = −µ2H |H|2 + λH |H|4 − µ2S |S|2 + λS |S|4 + κ|H|2|S|2.
To construct the theory, a stable minimal-potential vacuum state is needed, in other words, the
potential cannot bend down in any direction. Therefore its parameters have to satisfy the following
conditions:
λH > 0, λS > 0, κ > −2
√
λHλS .
As a vacuum state we can choose any H and S values that correspond to the minimum of the
potential. Since V depends on the absolute values only (so it is invariant under U(1) rotations of
the fields), the vacuum states can be chosen as
〈H〉 =
(
0
v√
2
)
, 〈S〉 = vx√
2
,
where v and vx are real parameters. The chosen states of the vacuum are called the vacuum expec-
tation values (often abbreviated to vevs) of the fields.
To minimize the potential, v and vx have to satisfy:
0 =
∂V
∂H
∣∣∣
H=〈H〉, S=〈S〉
=
(
2λHv2 − 2µ2H + κv2x
) v√
2
,
0 =
∂V
∂S
∣∣∣
H=〈H〉, S=〈S〉
=
(
2λSv2x − 2µ2S + κv2
) vx√
2
.
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The vacuum expectation values v and vx are responsible for masses of the gauge bosons (bosons of
the SM and Xµ, respectively). We want them to be massive, therefore vevs should not be zeroes.
Hence, the potential minimalization condition in terms of v and vx reads:
v2 =
2κµ2S − 4λSµ2H
κ2 − 4λHλS ,
v2x =
2κµ2H − 4λHµ2S
κ2 − 4λHλS .
We can represent H and S as
H = 〈H〉+
(
pi+
h+ipi0√
2
)
,
S = 〈S〉+ φ+ iσ√
2
.
(35)
Here pi+, pi0 and σ are the Goldstone bosons. Note that the potential is not invariant under rotations
of the physical fields – the initial gauge symmetry has been spontaneously broken (SSB).
We would like to find the mass eigenstates. The squared-mass matrix for the real parts of scalars’
fluctuations (h, φ) reads
M2 =
[
∂2V
∂h2
∂2V
∂h∂φ
∂2V
∂h∂φ
∂2V
∂φ2
]∣∣∣∣∣
H=〈H〉, S=〈S〉
=
[
2λHv2 κvvx
κvvx 2λSv2x
]
.
In order to diagonalize it, we have to use linear combinations of the fields, (h1, h2), instead of (h, φ):(
h1
h2
)
= R−1
(
h
φ
)
, (36)
where
R =
[
cosα − sinα
sinα cosα
]
and α is the scalars mixing angle. The squared mass matrix will be diagonalized when
tanα =
κvvx
λHv2 − λSv2x
and masses of h1 and h2 states become
m21 = λHv
2(1 + sec 2α) + λSv2x(1− sec 2α),
m22 = λHv
2(1− sec 2α) + λSv2x(1 + sec 2α).
Hereafter we will always assume that h1 is the observed Higgs particle, i.e. m1 = 125 GeV. The
second mass, m2, can be in principle higher as well as lower than m1. Also v is assumed to be the
Standard Model Higgs vev, v = 246 GeV.
To find the mass of Xµ, let us check what happens to (DµS)∗DµS after SSB:
(DµS)∗DµS 3 (igxXµS)∗igxXµS = g2x|X|2|S|2 SSB−→
g2x
2
XµXµ(v2x + 2vxφ+ φ
2).
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Hence mX = gxvx.
Now let us focus on the fermionic part of the dark sector Lagrangian:
LDF = χ¯(i /D −mD)χ− 1√
2
(yxS∗χTCχ+ h.c.).
Using the charge conjugation symmetry defined in eq. (34), one can transform it into the following
form:
LDF = i2
(
χ¯γµ∂µχ+ χ¯Cγµ∂µχC
)− mD
2
(
χ¯χ+ χ¯CχC
)− gx
4
(
χ¯γµχ− χ¯CγµχC)Xµ
− yxvx
2
(
χ¯Cχ+ χ¯χC
)− yx
2
(
χ¯Cχ+ χ¯χC
)
φ.
The Lagrangian can be expressed through mass eigenstates ψ±, which are Majorana states:
ψ+ ≡ ψC+ =
1√
2
(χ+ χC), ψ− ≡ ψC− =
1
i
√
2
(χ− χC)
with masses m± = mD ± yvx:
LDF = i2(ψ¯+γ
µ∂µψ+ + ψ¯−γµ∂µψ−)− 12m+ψ¯+ψ+ −
1
2
m−ψ¯−ψ−
− i
4
gx(ψ¯+γµψ− − ψ¯−γµψ+)Xµ − yx2 (ψ¯+ψ+ + ψ¯−ψ−)φ.
Note that both Xµ and ψ± particles are massive and neutral and hence – if they are stable – can be
dark matter candidates. The considered model of vector-fermion dark matter is a gauged version
of the model considered by S. Weinberg in [27].
Let us now explicitly write down the DM interaction part of the Lagrangian:
Lint = vxg2xXµXµφ+
g2x
2
XµXµφ
2 − i
4
gx(ψ¯+γµψ− − ψ¯−γµψ+)Xµ − yx2 (ψ¯+ψ+ + ψ¯−ψ−)φ,
where
φ = cosα h2 − sinα h1.
Basing on this Lagrangian, we can list the DM interaction Feynman vertices, which are shown in
fig. 7 (R denotes the mixing matrix defined in eq. (36)).
hi ∓ iyxR2i
ψ±
ψ±
hi i
2m2X
vx
R2i
X
X
i
2m2X
vx
R2iR2j
hi
hj
X
X
X 12γ
µgx
ψ±
ψ±
Figure 7: Feynman vertices of interactions involving the dark sector particles.
Diagrams for the lowest order 2-2 processes involving dark particles are shown in fig. 8. In
general, there are three kinds of these processes:
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ANNIHILATIONS (2DM ←→ 2SM)
X
X
V
V
hi
X
X
f
f¯
hi
X
X
hi
hj
hi
X
X
hi
hj
X
X
hi
hj
X + cross term
ψ±
ψ±
V
V
hi
ψ±
ψ±
f
f¯
hi
ψ±
ψ±
hi
hj
hi
ψ±
ψ±
hi
hj
ψ± + cross term
SEMI-ANNIHILATIONS (2DM ←→ SM+DM)
ψ−
ψ+
X
hi
X
X
ψ±
hi
ψ∓
ψ∓
X
ψ±
ψ∓
hi
ψ±
X
ψ±
hi
ψ∓
X
ψ±
ψ∓
X
hi
ψ∓
CONVERSIONS (2DM ←→ 2DM)
X
X
ψ±
ψ±
hi
X
X
ψ±
ψ±
ψ∓ + cross term
Figure 8: The lowest order 2-2 processes Feynman diagrams
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• annihilation – transformation of 2 DM particles to 2 SM particles or vice-versa,
• semi-annihilation – transformation of 2 DM particles to 1 SM particle and 1 DM particle or
vice-versa,
• conversion – annihilation within the dark sector.
The collision terms in the Boltzmann equations contain contributions from these processes and
decays (if they are allowed).
6.1 Discrete symmetries of the Lagrangian and stability of the dark mat-
ter particles
The DM interaction Lagrangian has following discrete symmetries that are relevant for stability
of the dark sector particles:
Symmetry Xµ ψ+ ψ− φ
Z2 − + − +
Z
′
2 − − + +
Z
′′
2 + − − +
Note that Z
′′
2 symmetry is a combination of Z2 and Z
′
2. Z2 is actually the charge conjugation
symmetry C expressed in terms of gauge field Xµ and fermionic mass eigenstates ψ±.
The charge of each symmetry must be conserved during any process, therefore it is clear that
the only dark matter decay vertex consists of all three dark fields, i.e. Xµ and ψ±. The decay can
be allowed or not, depending on masses of the particles. In order to decay, a given kind of DM
particles has to be heavier than sum of the masses of two others. Since m± = mD ± yxvx, ψ− is
always lighter than ψ+18, so it has to be stable. We have therefore three possibilities:
• m+ > m− +mX ⇒ ψ+ is unstable,
• mX > m− +m+ ⇒ Xµ is unstable,
• other cases ⇒ all three particles are stable.
Hence, depending on the parameters, our model can be either 2- or 3-component dark matter
model.
6.2 Parameters of the theory
The model is equipped with six free parameters, which can be chosen in several ways. A co-
nvenient and intuitive choice includes masses of the extra particles (Xµ, ψ±, h2), the Higgs sector
mixing angle and the U(1)X coupling constant:
mX , m+, m−, m2, sinα, gx.
18Without loss of generality we assume yx > 0, vx > 0.
35
Other parameters appearing in the Lagrangian can be expressed as follows:
vx =
mX
gx
, κ =
(m21 −m22)
2vmX
sin(2α)gx,
λH =
m21 cos
2 α+m22 sin
2 α
2v2
, λS =
m21 sin
2 α+m22 cos
2 α
2m2X
g2x,
yx =
m+ −m−
2mX
gx, mD =
m+ +m−
2
.
6.3 The Boltzmann equations for the considered model
The Boltzmann equations for the three new particles introduced in the model, Xµ and ψ±, take
the following form:
mref
mX
dYX
dx
= −L(x)
[
〈σXXαα′v 〉
(
Y 2X − Y¯ 2X
)
+ 〈σXψ+ψ−hiv 〉
(
YXYψ+ − Y¯X Y¯ψ+
Yψ−
Y¯ψ−
)
+
〈σXψ−ψ+hiv 〉
(
YXYψ− − Y¯X Y¯ψ−
Yψ+
Y¯ψ+
)
+ 〈σXhiψ+ψ−v 〉Y¯hi
(
YX − Y¯X
Yψ+Yψ−
Y¯ψ+ Y¯ψ−
)
+
〈σXXψ+ψ+v 〉
(
Y 2X − Y¯ 2X
Y 2ψ+
Y¯ 2ψ+
)
+ 〈σXXψ−ψ−v 〉
(
Y 2X − Y¯ 2X
Y 2ψ−
Y¯ 2ψ−
)]
+ L˜(x)Γψ+→Xψ−
(
Yψ+ − Y¯ψ+
YX
Y¯X
Yψ−
Y¯ψ−
)
,
mref
m−
dYψ−
dx
= −L(x)
[
〈σψ−ψ−αα′v 〉
(
Y 2ψ− − Y¯ 2ψ−
)
+ 〈σψ−ψ+Xhiv 〉
(
Yψ−Yψ+ − Y¯ψ− Y¯ψ+
YX
Y¯X
)
+
〈σXψ−ψ+hiv 〉
(
YXYψ− − Y¯X Y¯ψ−
Yψ+
Y¯ψ+
)
+ 〈σψ−hiXψ+v 〉Y¯hi
(
Yψ− − Y¯ψ−
Yψ+
Y¯ψ+
YX
Y¯X
)
+
〈σψ−ψ−XXv 〉
(
Y 2ψ− − Y¯ 2ψ−
Y 2X
Y¯ 2X
)
+ 〈σψ−ψ−ψ+ψ+v 〉
(
Y 2ψ− − Y¯ 2ψ−
Y 2ψ+
Y¯ 2ψ+
)]
+ L˜(x)Γψ+→Xψ−
(
Yψ+ − Y¯ψ+
Yψ−
Y¯ψ−
YX
Y¯X
)
,
mref
m+
dYψ+
dx
= −L(x)
[
〈σψ+ψ+αα′v 〉
(
Y 2ψ+ − Y¯ 2ψ+
)
+ 〈σψ+ψ−Xhiv 〉
(
Yψ+Yψ− − Y¯ψ+ Y¯ψ−
YX
Y¯X
)
+
〈σXψ+ψ−hiv 〉
(
YXYψ+ − Y¯X Y¯ψ+
Yψ−
Y¯ψ−
)
+ 〈σψ+hiXψ−v 〉Y¯hi
(
Yψ+ − Y¯ψ+
Yψ−
Y¯ψ−
YX
Y¯X
)
+
〈σψ+ψ+XXv 〉
(
Y 2ψ+ − Y¯ 2ψ+
Y 2X
Y¯ 2X
)
+ 〈σψ+ψ+ψ−ψ−v 〉
(
Y 2ψ+ − Y¯ 2ψ+
Y 2ψ−
Y¯ 2ψ−
)]
− L˜(x)Γψ+→Xψ−
(
Yψ+ − Y¯ψ+
Yψ−
Y¯ψ−
YX
Y¯X
)
,
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where mref is the mass used to define x = mrefT , and L(x), L˜(x) are defined via eq. (32) & (33):
L(x) =
√
pi
45
mrefmPlx
−2 g∗s√
g∗
,
L˜(x) =
√
45
4pi3
mPl
m2ref
x√
g∗
.
In the equations, α and α
′
denote any Standard Model particles (including h1 and h2, which are
both assumed to be always in thermal and chemical equilibrium with photons) that can be produced
in the annihilation process, and hi denotes h1 or h2.
7 Results
We solve the Boltzmann equation for our model using our own dedicated C++ code. It uses the
calcHEP package (see [29]) to calculate necessary spin-averaged matrix elements. There exists also
micrOMEGAs – a code popular among dark matter physicists, allowing to analyze various properties
of dark matter in a given model (see [28]). However, developing our own code was necessary to deal
with the case of 3 stable components, as micrOMEGAs deals well with 1-2 component dark matter
models only.
Data from LHC (see [30]) provide an upper bound for the absolute value of the mixing angle:
| sinα| <∼ 0.3, which we take into account while choosing parameters for the plots.
To make comparison of the results easier, for all the plots mref, mass used to define varia-
ble x ≡ mrefT , is set to the same value, that is 100 GeV. Tables under the plots show first two
non-zero coefficients of the thermally averaged cross-sections (given in picobarns) expanded in
the powers of x−1. N denotes the first power of the expansion with non-zero coefficient, i.e.
〈σv〉 = aNx−N + aN+1x−(N+1) + . . .. For the decays, the decay rate (in GeV) is provided. The
values of Y (x = 100) are collected in the tables at the botom of each figure.
To plot solutions of the Boltzmann equations, obtained with our code and micrOMEGAs, we used
gnuplot (see [31]).
Following plots present the basic features of solutions of the Boltzmann equations in our model.
More detailed analysis can be found in [26].
7.1 Comparison of our code with micrOMEGAs
To be sure that the code works properly, we compared it with the micrOMEGAsresults. An
example of comparison is presented in Fig. 9, where results of our code are shown as lines, while
points are micrOMEGAs’ output. The plots show very good agreement in the 2 component case, while
for the 3 component case there is a large discrepancy.
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process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 2.4 · 10−4 −2.8 · 10−4 1
ψ−ψ− → SM 1.9 · 10−3 −2.6 · 10−2 1
Ψ+Ψ+ → XX 8.6 · 10−4 1 · 10−3 0
XX → Ψ−Ψ− 2.3 · 10−4 −2 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.6 · 10−3 −2.7 · 10−4 0
Ψ+Ψ− → Xh1 1.8 · 10−5 −1.5 · 10−5 0
Ψ+Ψ− → Xh2 2.4 · 10−3 −3.3 · 10−3 0
Ψ+h1 → XΨ− 3.8 · 10−5 6.4 · 10−4 0
Ψ+h2 → XΨ− 4.1 · 10−3 4.3 · 10−2 0
XΨ+ → Ψ−h1 6.2 · 10−5 −3.5 · 10−5 0
XΨ+ → Ψ−h2 6.1 · 10−3 −3.5 · 10−3 0
Ψ+ → XΨ− 2.3 · 10−2
process aN aN+1 N
XX → SM 1.4 · 10−2 −1.8 · 10−2 0
ψ+ψ+ → SM 4.6 · 10−8 −4.4 · 10−8 1
ψ−ψ− → SM 1.7 · 10−6 −2.4 · 10−6 1
Ψ+Ψ+ → XX 2.2 · 10−4 3.5 · 10−5 0
Ψ−Ψ− → XX 1.7 · 10−4 5.5 · 10−5 0
Ψ+,Ψ+ → Ψ−Ψ− 3.7 · 10−3 4.5 · 10−3 0
Ψ+Ψ− → Xh1 2.8 · 10−6 −2.3 · 10−6 0
Ψ+Ψ− → Xh2 2.7 · 10−4 −2.2 · 10−4 0
XΨ− → Ψ+h1 8.2 · 10−7 9.9 · 10−5 0
Ψ+h2 → XΨ− 6.26 · 100 −1.06 · 104 2
XΨ− → Ψ+h2 1.59 · 100 −2.69 · 103 2
XΨ+ → Ψ−h1 1.3 · 10−5 9.7 · 10−5 0
XΨ+ → Ψ−h2 1.1 · 10−3 9.9 · 10−3 0
Y (x = 100) left right
YX 1.1 · 10−10 1.1 · 10−10
Y+ 6.5 · 10−62 9.7 · 10−11
Y− 4.3 · 10−8 3.6 · 10−9
Figure 9: Comparison of our code with micrOMEGAs. The case of 2 stable components agrees,
while in the case of 3 stable components there is strong discrepancy. Parameters of the plots are:
m2 = 150 GeV, sinα = 0.1, gx = 0.1. Masses of the dark sector particles are: mX = 300 GeV,
m+ = 500 GeV, m− = 100 GeV (left), mX = 200 GeV, m+ = 500 GeV, m− = 450 GeV (right)
7.2 Influence of mX and m±
In this section we investigate how do various configurations of masses lead to different behaviour
of yield functions. Throughout whole section, m2 = 150 GeV, sinα = 0.1 = gx.
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7.2.1 Two stable components
Let us first focus on the case of two stable components. Fig. 10 and 11 show results for one
stable particle (X and ψ−, respectively) much lighter than the second one.
In the first case, increasing the mass of X leads to increase of abundances of both fermions. The
coupling between fermions and the Higgs particles is proportional to yx =
m+−m−
2mX
gx, therefore if
mX is larger, fermions decouple earlier and their yields are larger. Note that behaviour of X yield
is nontrivial; first it rises with mX but than it decreases. Since mass of the second Higgs particle is
m2 = 150 GeV, after exceeding this threshold new channel of annihilation appears.
In the second case, mass of ψ− does not influence behaviour of YX , while Y+ is increasing and
Y− is decreasing.
process aN aN+1 N
XX → SM 1.9 · 10−3 −1.5 · 10−2 0
ψ+ψ+ → SM 9.9 · 10−4 −1.1 · 10−3 1
ψ−ψ− → SM 1.3 · 10−2 −2.7 · 10−2 1
Ψ+Ψ+ → XX 4.2 · 10−4 2 · 10−3 0
Ψ−Ψ− → XX 1.3 · 10−4 3.9 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 2.8 · 10−2 1.1 · 10−2 0
Ψ+Ψ− → Xh1 3.2 · 10−5 −3.5 · 10−5 0
Ψ+Ψ− → Xh2 3.1 · 10−3 −3.5 · 10−3 0
Ψ+h1 → XΨ− 8.4 · 10−4 2 · 10−3 0
Ψ+h2 → XΨ− 3.1 · 10−2 3.1 · 10−1 0
XΨ+ → Ψ−h1 2.4 · 10−3 −6.2 · 10−3 0
XΨ+ → Ψ−h2 3 · 10−1 −8.1 · 10−1 0
Ψ+ → XΨ− 1.1 · 10−1
process aN aN+1 N
XX → SM 3.9 · 10−4 −9.8 · 10−4 0
ψ+ψ+ → SM 3.5 · 10−4 −3.8 · 10−4 1
ψ−ψ− → SM 4.4 · 10−3 −9.2 · 10−3 1
Ψ+Ψ+ → XX 4.2 · 10−4 8.6 · 10−4 0
Ψ−Ψ− → XX 1.2 · 10−4 1.2 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 1.3 · 10−2 5.8 · 10−3 0
Ψ+Ψ− → Xh1 6.5 · 10−6 −6 · 10−6 0
Ψ+Ψ− → Xh2 6.5 · 10−4 −5.8 · 10−4 0
Ψ+h1 → XΨ− 1 · 10−4 2.6 · 10−3 0
Ψ+h2 → XΨ− 8.5 · 10−3 2 · 10−1 0
XΨ+ → Ψ−h1 6.5 · 10−4 −1.1 · 10−3 0
XΨ+ → Ψ−h2 7 · 10−2 −1.3 · 10−1 0
Ψ+ → XΨ− 4.4 · 10−2
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 1.5 · 10−4 −1.7 · 10−4 1
ψ−ψ− → SM 1.9 · 10−3 −4 · 10−3 1
Ψ+Ψ+ → XX 4.2 · 10−4 4.7 · 10−4 0
Ψ−Ψ− → XX 1.1 · 10−4 4.6 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 7.9 · 10−3 3.7 · 10−3 0
Ψ+Ψ− → Xh1 1.1 · 10−6 1.2 · 10−7 0
Ψ+Ψ− → Xh2 1.1 · 10−4 2.1 · 10−5 0
Ψ+h1 → XΨ− 7.3 · 10−5 1.5 · 10−3 0
Ψ+h2 → XΨ− 1 · 10−2 1.1 · 10−1 0
XΨ+ → Ψ−h1 2.6 · 10−4 −2.7 · 10−4 0
XΨ+ → Ψ−h2 2.6 · 10−2 −3 · 10−2 0
Ψ+ → XΨ− 1.5 · 10−2
Y (x = 100) left middle right
YX 1.8 · 10−9 4.3 · 10−9 1.4 · 10−10
Y+ 1.5 · 10−62 5.8 · 10−49 2.7 · 10−37
Y− 6.0 · 10−10 1.4 · 10−9 2.5 · 10−9
Figure 10: The case of two stable components with one of them much lighter. Parameters of the
plots are: m+ = 500 GeV, m− = 300 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, mX is 100 GeV
(left), 130 GeV (middle), 160 GeV (right).
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process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 2.4 · 10−4 −2.8 · 10−4 1
ψ−ψ− → SM 1.9 · 10−3 −2.6 · 10−2 1
Ψ+Ψ+ → XX 8.6 · 10−4 1 · 10−3 0
XX → Ψ−Ψ− 2.3 · 10−4 −2 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.6 · 10−3 −2.7 · 10−4 0
Ψ+Ψ− → Xh1 1.8 · 10−5 −1.5 · 10−5 0
Ψ+Ψ− → Xh2 2.4 · 10−3 −3.3 · 10−3 0
Ψ+h1 → XΨ− 3.8 · 10−5 6.4 · 10−4 0
Ψ+h2 → XΨ− 4.1 · 10−3 4.3 · 10−2 0
XΨ+ → Ψ−h1 6.2 · 10−5 −3.5 · 10−5 0
XΨ+ → Ψ−h2 6.1 · 10−3 −3.5 · 10−3 0
Ψ+ → XΨ− 2.3 · 10−2
process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −1.9 · 10−4 1
ψ−ψ− → SM 2.2 · 10−4 −1.2 · 10−3 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.8 · 10−4 −1.4 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 3 · 10−6 9.5 · 10−6 0
Ψ+Ψ− → Xh2 3.5 · 10−4 1 · 10−3 0
Ψ+h1 → XΨ− 3.3 · 10−5 5.6 · 10−4 0
Ψ+h2 → XΨ− 3.6 · 10−3 3.8 · 10−2 0
XΨ+ → Ψ−h1 5.7 · 10−5 −2.9 · 10−5 0
XΨ+ → Ψ−h2 5.6 · 10−3 −3.1 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 1.2 · 10−4 −1.4 · 10−4 1
ψ−ψ− → SM 9.2 · 10−3 −1.2 · 10−2 1
Ψ+Ψ+ → XX 7.2 · 10−4 7.4 · 10−4 0
XX → Ψ−Ψ− 1.4 · 10−4 −8 · 10−5 0
Ψ+,Ψ+ → Ψ−Ψ− 3 · 10−3 1.4 · 10−4 0
Ψ+Ψ− → Xh1 1 · 10−6 5.7 · 10−6 0
Ψ+Ψ− → Xh2 1 · 10−4 6.6 · 10−4 0
Ψ+h1 → XΨ− 3.1 · 10−5 4.4 · 10−4 0
Ψ+h2 → XΨ− 3.5 · 10−3 3.1 · 10−2 0
XΨ+ → Ψ−h1 5.1 · 10−5 −2.3 · 10−5 0
XΨ+ → Ψ−h2 5.1 · 10−3 −2.3 · 10−3 0
Ψ+ → XΨ− 6.6 · 10−3
Y (x = 100) left middle right
YX 1.1 · 10−10 1.1 · 10−10 1.1 · 10−10
Y+ 6.4 · 10−62 4.0 · 10−49 2.9 · 10−37
Y− 4.3 · 10−8 3.6 · 10−8 3.3 · 10−9
Figure 11: The case of 2 stable components with one of them much lighter. Parameters of the plots
are: mX = 300 GeV m+ = 500 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, m− is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
Figs. 12, 13 and 14 show results for the case when masses of the stable particles are relatively
close (or even equal) to each other. In fig. 12, mass of X increases, what leads to decreasing value of
YX , since before the decoupling the value of Y is proportional to e−x = exp(−mX/mref). However,
as mX rises, the cross-section for annihilation of ψ− into the SM decreases as the ψ−ψ− → hi vertex
is proportional to yx =
m+−m−
2mX
gx. Therefore, the decoupling of ψ− takes place earlier, when Y+ is
larger. Conversion processes from heavier ψ+ fermions into lighter X bosons increas the value of
YX . Note that even when mX = m−, final yields are not the same: YX < Y−. The cross-section for
annihilation of X particles is constant in the leading order, while the cross-section for annihilation
of ψ− behaves like x−1, therefore is much smaller. Hence the boson decouples later, when its yield
is smaller.
In fig. 13, behaviour of YX remains unchanged while m− rises. This is because the X coupling
to the Higgs particles is proportional to mX and remains constant, much bigger than the conversion
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cross-section between X and ψ−. Lowering the Y− value is caused by lower equilibrium value due
to mass increasing.
In fig. 14, yields of all three particles rise when m− increases. Due to smaller difference of masses,
and therefore smaller value of yx, the cross-section for ψ+ and ψ− fermions annihilation into SM
decreases, what leads to earlier decoupling.
process aN aN+1 N
XX → SM 1.2 · 10−3 −8.6 · 10−3 0
ψ+ψ+ → SM 3.4 · 10−3 −4.8 · 10−3 1
ψ−ψ− → SM 1.8 · 10−1 −1.9 · 10−1 1
Ψ+Ψ+ → XX 9.1 · 10−4 7.1 · 10−3 0
Ψ−Ψ− → XX 7.2 · 10−5 2 · 10−2 0
Ψ+,Ψ+ → Ψ−Ψ− 3.7 · 10−2 5.8 · 10−4 0
Ψ+Ψ− → Xh1 1.9 · 10−4 −3.5 · 10−4 0
Ψ+Ψ− → Xh2 1.9 · 10−2 −3.6 · 10−2 0
Ψ+h1 → XΨ− 1.2 · 10−3 1.6 · 10−3 0
Ψ+h2 → XΨ− 5.2 · 10−2 2.9 · 10−1 0
XΨ+ → Ψ−h1 2.2 · 10−3 −5.6 · 10−3 0
XΨ+ → Ψ−h2 2.6 · 10−1 −7.1 · 10−1 0
Ψ+ → XΨ− 1.3 · 10−1
process aN aN+1 N
XX → SM 3.9 · 10−4 −9.8 · 10−4 0
ψ+ψ+ → SM 1.4 · 10−3 −2 · 10−3 1
ψ−ψ− → SM 7.5 · 10−2 −8.2 · 10−2 1
Ψ+Ψ+ → XX 9.2 · 10−4 3.4 · 10−3 0
Ψ−Ψ− → XX 3.5 · 10−5 5.9 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 2 · 10−2 9.7 · 10−4 0
Ψ+Ψ− → Xh1 6.2 · 10−5 −1.1 · 10−4 0
Ψ+Ψ− → Xh2 6.5 · 10−3 −1.1 · 10−2 0
Ψ+h1 → XΨ− 3.2 · 10−4 2.5 · 10−3 0
Ψ+h2 → XΨ− 2 · 10−2 2.1 · 10−1 0
XΨ+ → Ψ−h1 7.9 · 10−4 −1.5 · 10−3 0
XΨ+ → Ψ−h2 8.4 · 10−2 −1.7 · 10−1 0
Ψ+ → XΨ− 7.1 · 10−2
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 6.2 · 10−4 −8.3 · 10−4 1
ψ−ψ− → SM 3.3 · 10−2 −3.6 · 10−2 1
Ψ+Ψ+ → XX 9.3 · 10−4 1.9 · 10−3 0
XX → Ψ−Ψ− 9.4 · 10−2 −1.59 · 102 2
Ψ−Ψ− → XX 2.1 · 10−1 −3.58 · 102 2
Ψ+,Ψ+ → Ψ−Ψ− 1.1 · 10−2 9.7 · 10−4 0
Ψ+Ψ− → Xh1 1.6 · 10−5 −1.9 · 10−5 0
Ψ+Ψ− → Xh2 1.7 · 10−3 −1.8 · 10−3 0
Ψ+h1 → XΨ− 1.1 · 10−4 1.8 · 10−3 0
Ψ+h2 → XΨ− 1.2 · 10−2 1.3 · 10−1 0
XΨ+ → Ψ−h1 3.2 · 10−4 −4.1 · 10−4 0
XΨ+ → Ψ−h2 3.2 · 10−2 −4.4 · 10−2 0
Ψ+ → XΨ− 3.4 · 10−2
Y (x = 100) left middle right
YX 1.8 · 10−9 4.3 · 10−9 1.5 · 10−10
Y+ 3.3 · 10−80 1.6 · 10−66 9.1 · 10−55
Y− 1.8 · 10−10 4.8 · 10−10 1.0 · 10−9
Figure 12: The case of 2 stable components with similar masses. Parameters of the plots are:
m+ = 400 GeV, m− = 160 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, mX is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
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process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 1.7 · 10−3 −2.3 · 10−3 1
ψ−ψ− → SM 3.7 · 10−3 −5 · 10−2 1
Ψ+Ψ+ → XX 1.1 · 10−3 3.8 · 10−3 0
XX → Ψ−Ψ− 1.9 · 10−3 −3.3 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 1.5 · 10−2 −2.1 · 10−3 0
Ψ+Ψ− → Xh1 2 · 10−4 −5.3 · 10−4 0
Ψ+Ψ− → Xh2 2.5 · 10−2 −7.1 · 10−2 0
Ψ+h1 → XΨ− 2.7 · 10−4 1.8 · 10−3 0
Ψ+h2 → XΨ− 1.9 · 10−2 1.4 · 10−1 0
XΨ+ → Ψ−h1 4.3 · 10−4 −6.2 · 10−4 0
XΨ+ → Ψ−h2 4.4 · 10−2 −6.8 · 10−2 0
Ψ+ → XΨ− 7.1 · 10−2
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 1 · 10−3 −1.5 · 10−3 1
ψ−ψ− → SM 4 · 10−4 −2.3 · 10−3 1
Ψ+Ψ+ → XX 1 · 10−3 2.7 · 10−3 0
XX → Ψ−Ψ− 5.9 · 10−4 7.8 · 10−5 0
Ψ+,Ψ+ → Ψ−Ψ− 1.3 · 10−2 −5.8 · 10−4 0
Ψ+Ψ− → Xh1 5.6 · 10−5 −1 · 10−4 0
Ψ+Ψ− → Xh2 6.2 · 10−3 −1.1 · 10−2 0
Ψ+h1 → XΨ− 1.7 · 10−4 1.9 · 10−3 0
Ψ+h2 → XΨ− 1.4 · 10−2 1.4 · 10−1 0
XΨ+ → Ψ−h1 3.7 · 10−4 −5.3 · 10−4 0
XΨ+ → Ψ−h2 3.8 · 10−2 −5.6 · 10−2 0
Ψ+ → XΨ− 5.2 · 10−2
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 6.2 · 10−4 −8.3 · 10−4 1
ψ−ψ− → SM 3.3 · 10−2 −3.6 · 10−2 1
Ψ+Ψ+ → XX 9.3 · 10−4 1.9 · 10−3 0
XX → Ψ−Ψ− 9.4 · 10−2 −1.59 · 102 2
Ψ−Ψ− → XX 2.1 · 10−1 −3.58 · 102 2
Ψ+,Ψ+ → Ψ−Ψ− 1.1 · 10−2 9.7 · 10−4 0
Ψ+Ψ− → Xh1 1.6 · 10−5 −1.9 · 10−5 0
Ψ+Ψ− → Xh2 1.7 · 10−3 −1.8 · 10−3 0
Ψ+h1 → XΨ− 1.1 · 10−4 1.8 · 10−3 0
Ψ+h2 → XΨ− 1.2 · 10−2 1.3 · 10−1 0
XΨ+ → Ψ−h1 3.2 · 10−4 −4.1 · 10−4 0
XΨ+ → Ψ−h2 3.2 · 10−2 −4.4 · 10−2 0
Ψ+ → XΨ− 3.4 · 10−2
Y (x = 100) left middle right
YX 1.4 · 10−10 1.4 · 10−10 1.5 · 10−10
Y+ 3.3 · 10−79 1.5 · 10−66 9.1 · 10−55
Y− 2.3 · 10−8 1.3 · 10−8 1.0 · 10−9
Figure 13: The case of 2 stable components with similar masses. Parameters of the plots are:
mX = 160 GeV, m+ = 400 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, m− is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
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process aN aN+1 N
XX → SM 5.3 · 10−3 −4 · 10−3 0
ψ+ψ+ → SM 1 · 10−6 −3.8 · 10−6 1
ψ−ψ− → SM 4.3 · 10−5 −5.7 · 10−4 1
XX → Ψ+Ψ+ 1.2 · 10−3 −1.7 · 10−3 0
XX → Ψ−Ψ− 8.2 · 10−4 −9.7 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.4 · 10−4 6.6 · 10−4 0
Xh1 → Ψ+Ψ− 3 · 10−4 −1.1 · 10−3 0
Xh2 → Ψ+Ψ− 1.8 · 10−2 −5.4 · 10−2 0
XΨ− → Ψ+h1 9.6 · 10−6 3.9 · 10−6 0
XΨ− → Ψ+h2 9.2 · 10−4 1.4 · 10−4 0
XΨ+ → Ψ−h1 1.1 · 10−5 7.2 · 10−6 0
XΨ+ → Ψ−h2 1.1 · 10−3 7.8 · 10−4 0
X → Ψ+Ψ− 2.2 · 10−2
process aN aN+1 N
XX → SM 5.3 · 10−3 −4 · 10−3 0
ψ+ψ+ → SM 6.2 · 10−7 −1.9 · 10−6 1
ψ−ψ− → SM 2.4 · 10−6 −1.2 · 10−5 1
XX → Ψ+Ψ+ 1.1 · 10−3 −1.5 · 10−3 0
XX → Ψ−Ψ− 8.5 · 10−4 −1.1 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 2.3 · 10−4 5.4 · 10−4 0
Xh1 → Ψ+Ψ− 3.1 · 10−4 −1.1 · 10−3 0
Xh2 → Ψ+Ψ− 1.9 · 10−2 −5.6 · 10−2 0
XΨ− → Ψ+h1 8 · 10−6 1 · 10−5 0
XΨ− → Ψ+h2 7.4 · 10−4 1 · 10−3 0
XΨ+ → Ψ−h1 1 · 10−5 9 · 10−6 0
XΨ+ → Ψ−h2 9.4 · 10−4 9.3 · 10−4 0
X → Ψ+Ψ− 2.1 · 10−2
process aN aN+1 N
XX → SM 5.3 · 10−3 −4 · 10−3 0
ψ+ψ+ → SM 2.1 · 10−7 −6.5 · 10−7 1
ψ−ψ− → SM 6.7 · 10−7 −6.3 · 10−7 1
XX → Ψ+Ψ+ 1 · 10−3 −1.3 · 10−3 0
XX → Ψ−Ψ− 8.9 · 10−4 −1.1 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 1.3 · 10−4 4 · 10−4 0
Xh1 → Ψ+Ψ− 3.1 · 10−4 −1.1 · 10−3 0
Xh2 → Ψ+Ψ− 1.9 · 10−2 −5.6 · 10−2 0
XΨ− → Ψ+h1 7.7 · 10−6 1.1 · 10−5 0
XΨ− → Ψ+h2 7.1 · 10−4 1.1 · 10−3 0
XΨ+ → Ψ−h1 8.6 · 10−6 1 · 10−5 0
XΨ+ → Ψ−h2 8.1 · 10−4 1.1 · 10−3 0
X → Ψ+Ψ− 1.9 · 10−2
Y (x = 100) left middle right
YX 6.1 · 10−67 2.3 · 10−53 2.5 · 10−39
Y+ 5.4 · 10−9 6.3 · 10−9 3.1 · 10−8
Y− 1.2 · 10−6 5.2 · 10−6 1.5 · 10−5
Figure 14: The case of 2 stable components with similar masses. Parameters of the plots are:
mX = 400 GeV, m+ = 180 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, m− is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
7.2.2 Three stable components
In this subsection we discuss the case with three stable components of dark matter.
Figs. 15 and 16 show the case of one component much lighter than two others. As previously, here
we can see effects of exceeding the threshold of annihilation into h2 when mass of a given particle
becomes larger than m2. Note the non trivial behaviour of Y+ in fig. 15 – after decoupling from
equilibrium with the Standard Model, ψ+ particles are still coupled to X through the conversion
processes, therefore Y+ stabilizes only after freeze-out of X.
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process aN aN+1 N
XX → SM 1.9 · 10−3 −1.5 · 10−2 0
ψ+ψ+ → SM 1.3 · 10−6 −2.8 · 10−6 1
ψ−ψ− → SM 1.4 · 10−4 −3.1 · 10−4 1
Ψ+Ψ+ → XX 5.1 · 10−4 9.7 · 10−5 0
Ψ−Ψ− → XX 3.6 · 10−4 1.4 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 1.3 · 10−2 3.4 · 10−2 0
Ψ+Ψ− → Xh1 3.1 · 10−6 −2.9 · 10−6 0
Ψ+Ψ− → Xh2 2.9 · 10−4 −2.6 · 10−4 0
Ψ+h1 → XΨ− 8.4 · 10−4 −2.7 · 10−4 0
Ψ+h2 → XΨ− 8.3 · 10−2 −1.2 · 10−2 0
XΨ+ → Ψ−h1 7.2 · 10−5 7.3 · 10−4 0
Ψ−h2 → XΨ+ 4.67 · 101 −8 · 104 2
XΨ+ → Ψ−h2 2.27 · 101 −3.89 · 104 2
process aN aN+1 N
XX → SM 3.9 · 10−4 −9.8 · 10−4 0
ψ+ψ+ → SM 5 · 10−7 −1.1 · 10−6 1
ψ−ψ− → SM 4.9 · 10−5 −1 · 10−4 1
Ψ+Ψ+ → XX 5 · 10−4 9.7 · 10−5 0
Ψ−Ψ− → XX 3.3 · 10−4 1.8 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 8.2 · 10−3 1.7 · 10−2 0
Ψ+Ψ− → Xh1 4.7 · 10−6 −5.3 · 10−6 0
Ψ+Ψ− → Xh2 4.4 · 10−4 −4.7 · 10−4 0
Ψ+h1 → XΨ− 3.6 · 10−4 1.8 · 10−4 0
Ψ+h2 → XΨ− 4.3 · 10−2 −3.9 · 10−3 0
XΨ+ → Ψ−h1 4 · 10−5 3.3 · 10−4 0
XΨ+ → Ψ−h2 2.6 · 10−3 3.6 · 10−2 0
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 2.4 · 10−7 −5.2 · 10−7 1
ψ−ψ− → SM 2.1 · 10−5 −4.7 · 10−5 1
Ψ+Ψ+ → XX 4.8 · 10−4 1.6 · 10−4 0
Ψ−Ψ− → XX 3 · 10−4 2.6 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 5.5 · 10−3 8.4 · 10−3 0
Ψ+Ψ− → Xh1 6.1 · 10−6 −7.4 · 10−6 0
Ψ+Ψ− → Xh2 5.8 · 10−4 −6.8 · 10−4 0
Ψ+h1 → XΨ− 6.5 · 10−5 6.4 · 10−4 0
Ψ+h2 → XΨ− 1.7 · 10−2 2.7 · 10−2 0
XΨ+ → Ψ−h1 2.5 · 10−5 1.8 · 10−4 0
XΨ+ → Ψ−h2 2 · 10−3 1.9 · 10−2 0
Y (x = 100) left middle right
YX 1.8 · 10−9 4.3 · 10−9 1.4 · 10−10
Y+ 4.3 · 10−14 7.0 · 10−15 8.9 · 10−12
Y− 2.0 · 10−9 2.0 · 10−9 2.3 · 10−9
Figure 15: The case of 3 stable components with one of them much lighter. Parameters of the plots
are: m+ = 350 GeV, m− = 300 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, mX is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
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process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 8.8 · 10−5 −1.4 · 10−4 1
ψ−ψ− → SM 7.4 · 10−4 −9.9 · 10−3 1
Ψ+Ψ+ → XX 1.8 · 10−3 5.2 · 10−3 0
XX → Ψ−Ψ− 3.4 · 10−4 −3 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 2.6 · 10−3 4.7 · 10−4 0
Ψ+Ψ− → Xh1 3.3 · 10−5 −9.8 · 10−5 0
Xh2 → Ψ+Ψ− 5.3 · 10−1 −1.34 · 103 1
Ψ+Ψ− → Xh2 5.8 · 10−1 −1.47 · 103 1
Ψ+h1 → XΨ− 1.7 · 10−5 1.8 · 10−4 0
Ψ+h2 → XΨ− 2.3 · 10−3 1.6 · 10−2 0
XΨ+ → Ψ−h1 3.6 · 10−5 −7.4 · 10−6 0
XΨ+ → Ψ−h2 3.5 · 10−3 −7 · 10−4 0
process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 4.9 · 10−5 −7.9 · 10−5 1
ψ−ψ− → SM 8 · 10−5 −4.3 · 10−4 1
Ψ+Ψ+ → XX 1.3 · 10−3 3.5 · 10−3 0
XX → Ψ−Ψ− 3.4 · 10−4 −2.9 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 2.3 · 10−3 7.2 · 10−4 0
Ψ+Ψ− → Xh1 3.2 · 10−5 −8 · 10−5 0
Ψ+Ψ− → Xh2 2.7 · 10−3 −5.6 · 10−3 0
Ψ+h1 → XΨ− 1.3 · 10−5 1.3 · 10−4 0
Ψ+h2 → XΨ− 2 · 10−3 1.2 · 10−2 0
XΨ+ → Ψ−h1 3.1 · 10−5 −1.4 · 10−6 0
XΨ+ → Ψ−h2 3 · 10−3 −9.7 · 10−5 0
process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 2.5 · 10−5 −4 · 10−5 1
ψ−ψ− → SM 1.2 · 10−3 −1.3 · 10−3 1
Ψ+Ψ+ → XX 9.6 · 10−4 2.5 · 10−3 0
XX → Ψ−Ψ− 3.4 · 10−4 −2.8 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 2 · 10−3 9.5 · 10−4 0
Ψ+Ψ− → Xh1 2.9 · 10−5 −6.3 · 10−5 0
Ψ+Ψ− → Xh2 2.6 · 10−3 −5.2 · 10−3 0
Ψ+h1 → XΨ− 4.3 · 10−6 9.9 · 10−5 0
Ψ+h2 → XΨ− 1.4 · 10−3 9.5 · 10−3 0
XΨ+ → Ψ−h1 2.7 · 10−5 4.5 · 10−6 0
XΨ+ → Ψ−h2 2.6 · 10−3 4.9 · 10−4 0
Y (x = 100) left middle right
YX 1.1 · 10−10 1.0 · 10−10 1.2 · 10−10
Y+ 1.6 · 10−26 2.1 · 10−27 1.2 · 10−16
Y− 9.8 · 10−8 1.3 · 10−7 2.0 · 10−8
Figure 16: The case of 3 stable components with one of them much lighter. Parameters of the plots
are: mX = 300 GeV, m+ = 350 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, m− is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
The next three figures, 17, 18 and 19, illustrate the case of three stable components with similar
masses. The channel of annihilation into h2, which becomes relevant when the mass of the given
particle exceeds 150 GeV, leads to steeply decreasing of the corresponding yield.
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process aN aN+1 N
XX → SM 1.9 · 10−3 −1.5 · 10−2 0
ψ+ψ+ → SM 4.7 · 10−5 −1.4 · 10−4 1
ψ−ψ− → SM 8.3 · 10−4 −3.2 · 10−4 1
Ψ+Ψ+ → XX 1.6 · 10−3 1.1 · 10−3 0
Ψ−Ψ− → XX 7.6 · 10−4 1.9 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 1.4 · 10−2 3.3 · 10−2 0
Ψ+Ψ− → Xh1 1.6 · 10−5 −3.3 · 10−5 0
Ψ+Ψ− → Xh2 1.4 · 10−3 −2.6 · 10−3 0
Ψ+h1 → XΨ− 7 · 10−4 −1.9 · 10−5 0
Ψ+h2 → XΨ− 7.4 · 10−2 −3.9 · 10−3 0
XΨ+ → Ψ−h1 3.4 · 10−5 7.9 · 10−4 0
Ψ−h2 → XΨ+ 6.6 · 10−3 2.1 · 10−1 0
process aN aN+1 N
XX → SM 3.9 · 10−4 −9.8 · 10−4 0
ψ+ψ+ → SM 1.7 · 10−5 −5 · 10−5 1
ψ−ψ− → SM 2.9 · 10−4 −1.2 · 10−4 1
Ψ+Ψ+ → XX 1.4 · 10−3 2.1 · 10−3 0
Ψ−Ψ− → XX 4.1 · 10−4 3.4 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 7.8 · 10−3 1.5 · 10−2 0
Ψ+Ψ− → Xh1 2.6 · 10−5 −5.7 · 10−5 0
Ψ+Ψ− → Xh2 2.2 · 10−3 −4.4 · 10−3 0
Ψ+h1 → XΨ− 2.3 · 10−4 5 · 10−4 0
Ψ+h2 → XΨ− 3.2 · 10−2 1.8 · 10−2 0
XΨ+ → Ψ−h1 3.5 · 10−5 3.4 · 10−4 0
XΨ+ → Ψ−h2 1.6 · 10−3 3.5 · 10−2 0
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 7.7 · 10−6 −2.3 · 10−5 1
ψ−ψ− → SM 1.3 · 10−4 −6.1 · 10−5 1
Ψ+Ψ+ → XX 1 · 10−3 4.1 · 10−3 0
XX → Ψ−Ψ− 2.9 · 10−1 −4.82 · 102 2
Ψ−Ψ− → XX 6.4 · 10−1 −1.08 · 103 2
Ψ+,Ψ+ → Ψ−Ψ− 4.6 · 10−3 7.8 · 10−3 0
Ψ+Ψ− → Xh1 3.7 · 10−5 −8.2 · 10−5 0
Ψ+Ψ− → Xh2 2.9 · 10−3 −5.3 · 10−3 0
Ψ+h1 → XΨ− 1 · 10−5 4.6 · 10−4 0
Ψ+h2 → XΨ− 9.4 · 10−3 4 · 10−2 0
XΨ+ → Ψ−h1 2.8 · 10−5 1.8 · 10−4 0
XΨ+ → Ψ−h2 2 · 10−3 1.9 · 10−2 0
Y (x = 100) left middle right
YX 1.8 · 10−9 4.3 · 10−9 4.6 · 10−10
Y+ 2.4 · 10−12 6.4 · 10−14 7.7 · 10−13
Y− 2.4 · 10−9 2.5 · 10−9 7.6 · 10−9
Figure 17: The case of 3 stable components with similar masses. Parameters of the plots are:
m+ = 200 GeV, m− = 160 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, mX is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
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process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 2.6 · 10−5 −8.7 · 10−5 1
ψ−ψ− → SM 4.2 · 10−4 −5.6 · 10−3 1
Ψ+Ψ+ → XX 2.8 · 10−3 8.6 · 10−3 0
XX → Ψ−Ψ− 8.7 · 10−4 −9.7 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 7 · 10−3 6.4 · 10−3 0
Ψ+Ψ− → Xh1 3.8 · 10−5 −5.8 · 10−5 0
Xh2 → Ψ+Ψ− 2.8 · 10−3 1.5 · 10−3 0
Ψ+h1 → XΨ− 1.5 · 10−4 3.4 · 10−4 0
Ψ+h2 → XΨ− 1.8 · 10−2 2.6 · 10−2 0
XΨ+ → Ψ−h1 8.1 · 10−5 5.3 · 10−5 0
XΨ+ → Ψ−h2 7.4 · 10−3 6.4 · 10−3 0
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 5.3 · 10−6 −1.5 · 10−5 1
ψ−ψ− → SM 2.9 · 10−5 −1.5 · 10−4 1
Ψ+Ψ+ → XX 1.7 · 10−3 5.5 · 10−3 0
XX → Ψ−Ψ− 5.9 · 10−4 2.7 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 5.6 · 10−3 8 · 10−3 0
Ψ+Ψ− → Xh1 4.1 · 10−5 −9.5 · 10−5 0
Ψ+Ψ− → Xh2 2.8 · 10−3 −2.1 · 10−3 0
Ψ+h1 → XΨ− 1.1 · 10−4 3.8 · 10−4 0
Ψ+h2 → XΨ− 1.6 · 10−2 2.2 · 10−2 0
XΨ+ → Ψ−h1 5.2 · 10−5 1.2 · 10−4 0
XΨ+ → Ψ−h2 4.4 · 10−3 1.4 · 10−2 0
process aN aN+1 N
XX → SM 1.3 · 10−2 −8 · 10−4 0
ψ+ψ+ → SM 7.7 · 10−6 −2.3 · 10−5 1
ψ−ψ− → SM 1.3 · 10−4 −6.1 · 10−5 1
Ψ+Ψ+ → XX 1 · 10−3 4.1 · 10−3 0
XX → Ψ−Ψ− 2.9 · 10−1 −4.82 · 102 2
Ψ−Ψ− → XX 6.4 · 10−1 −1.08 · 103 2
Ψ+,Ψ+ → Ψ−Ψ− 4.6 · 10−3 7.8 · 10−3 0
Ψ+Ψ− → Xh1 3.7 · 10−5 −8.2 · 10−5 0
Ψ+Ψ− → Xh2 2.9 · 10−3 −5.3 · 10−3 0
Ψ+h1 → XΨ− 1 · 10−5 4.6 · 10−4 0
Ψ+h2 → XΨ− 9.4 · 10−3 4 · 10−2 0
XΨ+ → Ψ−h1 2.8 · 10−5 1.8 · 10−4 0
XΨ+ → Ψ−h2 2 · 10−3 1.9 · 10−2 0
Y (x = 100) left middle right
YX 1.4 · 10−10 1.8 · 10−10 4.6 · 10−10
Y+ 1.1 · 10−17 1.2 · 10−25 7.7 · 10−13
Y− 1.6 · 10−7 2.1 · 10−7 7.6 · 10−9
Figure 18: The case of 3 stable components with similar masses. Parameters of the plots are:
mX = 160 GeV, m+ = 200 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, m− is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
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process aN aN+1 N
XX → SM 1.4 · 10−2 −1.8 · 10−2 0
ψ+ψ+ → SM 4.8 · 10−6 −1.6 · 10−5 1
ψ−ψ− → SM 1.7 · 10−4 −2.3 · 10−3 1
XX → Ψ+Ψ+ 3 · 10−3 −7.5 · 10−3 0
XX → Ψ−Ψ− 1.5 · 10−3 −2.6 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 4.6 · 10−3 0
Xh1 → Ψ+Ψ− 1.1 · 10−4 −3.2 · 10−4 0
Xh2 → Ψ+Ψ− 7.2 · 10−3 −1.9 · 10−2 0
Ψ+h1 → XΨ− 2.2 · 10−6 1.5 · 10−4 0
Ψ+h2 → XΨ− 2.5 · 10−3 2.4 · 10−2 0
XΨ+ → Ψ−h1 3.9 · 10−5 5.5 · 10−5 0
XΨ+ → Ψ−h2 3.5 · 10−3 6 · 10−3 0
process aN aN+1 N
XX → SM 1.4 · 10−2 −1.8 · 10−2 0
ψ+ψ+ → SM 5.5 · 10−6 −1.3 · 10−5 1
ψ−ψ− → SM 9.5 · 10−6 −4.9 · 10−5 1
XX → Ψ+Ψ+ 1.6 · 10−3 −1.1 · 10−3 0
XX → Ψ−Ψ− 1.4 · 10−3 −2.4 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 2.5 · 10−3 4.6 · 10−3 0
Xh1 → Ψ+Ψ− 8.4 · 10−5 2.7 · 10−5 0
Xh2 → Ψ+Ψ− 7.3 · 10−3 −1.5 · 10−2 0
XΨ− → Ψ+h1 3.6 · 10−6 9.3 · 10−5 0
Ψ+h2 → XΨ− 3.53 · 100 −5.95 · 103 2
XΨ− → Ψ+h2 1.25 · 100 −2.1 · 103 2
XΨ+ → Ψ−h1 2.7 · 10−5 8 · 10−5 0
XΨ+ → Ψ−h2 2.3 · 10−3 8.4 · 10−3 0
process aN aN+1 N
XX → SM 1.4 · 10−2 −1.8 · 10−2 0
ψ+ψ+ → SM 2.7 · 10−6 −7.6 · 10−6 1
ψ−ψ− → SM 9.3 · 10−6 −2.9 · 10−6 1
XX → Ψ+Ψ+ 9.1 · 10−4 6.6 · 10−4 0
XX → Ψ−Ψ− 1.1 · 10−3 −1.2 · 10−3 0
Ψ+,Ψ+ → Ψ−Ψ− 1.6 · 10−3 3.7 · 10−3 0
Ψ+Ψ− → Xh1 4.7 · 10−5 4.5 · 10−5 0
Xh2 → Ψ+Ψ− 4.3 · 10−3 1.5 · 10−2 0
XΨ− → Ψ+h1 7.8 · 10−6 1.1 · 10−4 0
XΨ− → Ψ+h2 4 · 10−4 9.8 · 10−3 0
XΨ+ → Ψ−h1 1.6 · 10−5 9.7 · 10−5 0
XΨ+ → Ψ−h2 1.3 · 10−3 1 · 10−2 0
Y (x = 100) left middle right
YX 1.1 · 10−11 8.3 · 10−14 9.4 · 10−11
Y+ 4.2 · 10−10 3.4 · 10−10 6.1 · 10−10
Y− 3.5 · 10−7 8.2 · 10−7 2.8 · 10−8
Figure 19: The case of 3 stable components with similar masses. Parameters of the plots are:
mX = 200 GeV, m+ = 180 GeV, m2 = 150 GeV, sinα = 0.1, gx = 0.1, m− is 100 GeV (left),
130 GeV (middle), 160 GeV (right).
7.3 Influence of sinα and the Higgs portal cancellation
Since the range of sinα is limited to | sinα| <∼ 0.3 [30], therefore the results are less sensitive
to sinα than to other parameters. Dependence of results on the mixing angle increases with the
difference between two Higgs particles’ masses, m1 = 125 GeV and m2. The reason is, that for
the most19 channels of DM→SM annihilation the corresponding Feynman diagrams contain virtual
Higgs particle mediating between DM and SM. Product of hi’s couplings to dark particles and to
the Standard Model is proportional to R1iR2i (R is the scalar sector mixing matrix defined in eq.
(36)). To calculate the cross-section, one has to sum over the virtual Higgs being h1 or h2, which
contribute with different signs (because of the minus sign in R). The sum is proportional to the
19Except the annihilation into two Higgs particles – value of the three-Higgses vertex depends non-trivially on the
mixing angle, in particular, matrix elements involving h1 and h2 propagators have different absolute values.
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difference of the h1 and h2 propagators, multiplied by sinα cosα, which is a function increasing with
sinα in the range of small α. Figs. 20, 21 and 22 show this tendency – annihilation cross-section
rises, hence the final yield decreases. Note that in the first case shown, masses of the Higgs particles
are equal, therefore diagrams containing Higgs particle coupling to both SM and DM vanish – the
only annihilation channel that survives is annihilation into hihj , i = 1, 2, j = 1, 2, which is not very
sensitive to changes of sinα. Hence there is no visible difference between different sinα cases.
process aN aN+1 N
XX → SM 9.1 · 10−3 −8.9 · 10−3 0
ψ+ψ+ → SM 1.8 · 10−4 −2 · 10−4 1
ψ−ψ− → SM 1.9 · 10−2 5.2 · 10−2 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.7 · 10−4 −1.3 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 3 · 10−6 9.5 · 10−6 0
Ψ+Ψ− → Xh2 3 · 10−4 9.4 · 10−4 0
Ψ+h1 → XΨ− 3.3 · 10−5 5.6 · 10−4 0
Ψ+h2 → XΨ− 3.2 · 10−3 5.5 · 10−2 0
XΨ+ → Ψ−h1 5.7 · 10−5 −2.9 · 10−5 0
XΨ+ → Ψ−h2 5.6 · 10−3 −2.9 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 9.1 · 10−3 −8.9 · 10−3 0
ψ+ψ+ → SM 1.8 · 10−4 −2 · 10−4 1
ψ−ψ− → SM 1.9 · 10−2 5.2 · 10−2 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.7 · 10−4 −1.3 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 1.2 · 10−5 3.8 · 10−5 0
Ψ+Ψ− → Xh2 2.9 · 10−4 9.1 · 10−4 0
Ψ+h1 → XΨ− 1.3 · 10−4 2.2 · 10−3 0
Ψ+h2 → XΨ− 3.1 · 10−3 5.3 · 10−2 0
XΨ+ → Ψ−h1 2.3 · 10−4 −1.2 · 10−4 0
XΨ+ → Ψ−h2 5.5 · 10−3 −2.9 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 9.1 · 10−3 −8.7 · 10−3 0
ψ+ψ+ → SM 1.8 · 10−4 −2.1 · 10−4 1
ψ−ψ− → SM 1.9 · 10−2 5.3 · 10−2 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.7 · 10−4 −1.3 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 2.7 · 10−5 8.5 · 10−5 0
Ψ+Ψ− → Xh2 2.7 · 10−4 8.6 · 10−4 0
Ψ+h1 → XΨ− 2.9 · 10−4 5 · 10−3 0
Ψ+h2 → XΨ− 3 · 10−3 5.1 · 10−2 0
XΨ+ → Ψ−h1 5.1 · 10−4 −2.7 · 10−4 0
XΨ+ → Ψ−h2 5.2 · 10−3 −2.7 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
Y (x = 100) left middle right
YX 1.1 · 10−10 1.1 · 10−10 1.1 · 10−10
Y+ 2.4 · 10−50 2.4 · 10−50 2.4 · 10−50
Y− 2.3 · 10−9 2.3 · 10−9 2.3 · 10−9
Figure 20: Influence of sinα on the shape of solutions of the Boltzmann equation. Parameters of
the plots are: mX = 300 GeV, m+ = 500 GeV, m− = 130 GeV, m2 = 125 GeV, gx = 0.1. Sine of
the mixing angle sinα is 0.1 (left), 0.2 (middle), 0.3 (right).
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process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −1.9 · 10−4 1
ψ−ψ− → SM 2.2 · 10−4 −1.2 · 10−3 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.8 · 10−4 −1.4 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 3 · 10−6 9.5 · 10−6 0
Ψ+Ψ− → Xh2 3.5 · 10−4 1 · 10−3 0
Ψ+h1 → XΨ− 3.3 · 10−5 5.6 · 10−4 0
Ψ+h2 → XΨ− 3.6 · 10−3 3.8 · 10−2 0
XΨ+ → Ψ−h1 5.7 · 10−5 −2.9 · 10−5 0
XΨ+ → Ψ−h2 5.6 · 10−3 −3.1 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 8.5 · 10−3 −8.1 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −1.9 · 10−4 1
ψ−ψ− → SM 7.8 · 10−4 −4.9 · 10−3 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.8 · 10−4 −1.4 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −7.8 · 10−5 0
Ψ+Ψ− → Xh1 1.2 · 10−5 3.8 · 10−5 0
Ψ+Ψ− → Xh2 3.4 · 10−4 1 · 10−3 0
Ψ+h1 → XΨ− 1.3 · 10−4 2.2 · 10−3 0
Ψ+h2 → XΨ− 3.5 · 10−3 3.7 · 10−2 0
XΨ+ → Ψ−h1 2.3 · 10−4 −1.2 · 10−4 0
XΨ+ → Ψ−h2 5.4 · 10−3 −2.9 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 8.6 · 10−3 −8.3 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −2 · 10−4 1
ψ−ψ− → SM 1.5 · 10−3 −1.1 · 10−2 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.8 · 10−4 −1.3 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −7.8 · 10−5 0
Ψ+Ψ− → Xh1 2.7 · 10−5 8.5 · 10−5 0
Ψ+Ψ− → Xh2 3.2 · 10−4 9.5 · 10−4 0
Ψ+h1 → XΨ− 2.9 · 10−4 5 · 10−3 0
Ψ+h2 → XΨ− 3.3 · 10−3 3.5 · 10−2 0
XΨ+ → Ψ−h1 5.1 · 10−4 −2.7 · 10−4 0
XΨ+ → Ψ−h2 5.2 · 10−3 −2.7 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
Y (x = 100) left middle right
YX 1.1 · 10−10 1, 1 · 10−10 1.1 · 10−10
Y+ 4.0 · 10−49 2.3 · 10−49 1.5 · 10−49
Y− 3.6 · 10−8 2.1 · 10−8 1.4 · 10−8
Figure 21: Influence of sinα on the shape of solutions of the Boltzmann equation. Parameters of
the plots are: mX = 300 GeV, m+ = 500 GeV, m− = 130 GeV,m2 = 150 GeV, gx = 0.1. Sine of
the mixing angle sinα is 0.1 (left), 0.2 (middle), 0.3 (right).
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process aN aN+1 N
XX → SM 7.7 · 10−3 −7.2 · 10−3 0
ψ+ψ+ → SM 1.6 · 10−4 −1.8 · 10−4 1
ψ−ψ− → SM 2.3 · 10−3 −1.5 · 10−2 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.9 · 10−4 −1.5 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 3 · 10−6 9.5 · 10−6 0
Ψ+Ψ− → Xh2 4.7 · 10−4 1.1 · 10−3 0
Ψ+h1 → XΨ− 3.3 · 10−5 5.6 · 10−4 0
Ψ+h2 → XΨ− 4.2 · 10−3 2.6 · 10−2 0
XΨ+ → Ψ−h1 5.7 · 10−5 −2.9 · 10−5 0
XΨ+ → Ψ−h2 5.6 · 10−3 −2.9 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 7.8 · 10−3 −7.5 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −2 · 10−4 1
ψ−ψ− → SM 8.4 · 10−3 −6 · 10−2 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.9 · 10−4 −1.5 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 1.2 · 10−5 3.8 · 10−5 0
Ψ+Ψ− → Xh2 4.6 · 10−4 1.1 · 10−3 0
Ψ+h1 → XΨ− 1.3 · 10−4 2.2 · 10−3 0
Ψ+h2 → XΨ− 4 · 10−3 2.6 · 10−2 0
XΨ+ → Ψ−h1 2.3 · 10−4 −1.2 · 10−4 0
XΨ+ → Ψ−h2 5.4 · 10−3 −2.9 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 8.1 · 10−3 −7.8 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −1.9 · 10−4 1
ψ−ψ− → SM 1.7 · 10−2 −1.3 · 10−1 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.9 · 10−4 −1.5 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 2.7 · 10−5 8.5 · 10−5 0
Ψ+Ψ− → Xh2 4.3 · 10−4 1 · 10−3 0
Ψ+h1 → XΨ− 2.9 · 10−4 5 · 10−3 0
Ψ+h2 → XΨ− 3.8 · 10−3 2.4 · 10−2 0
XΨ+ → Ψ−h1 5.1 · 10−4 −2.7 · 10−4 0
XΨ+ → Ψ−h2 5.1 · 10−3 −2.7 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
Y (x = 100) left middle right
YX 1.2 · 10−10 1.2 · 10−10 1.2 · 10−10
Y+ 2.4 · 10−49 7.4 · 10−50 3.9 · 10−50
Y− 2.0 · 10−8 6.3 · 10−9 3.4 · 10−9
Figure 22: Influence of sinα on the shape of solutions of the Boltzmann equation. Parameters of
the plots are: mX = 300 GeV, m+ = 500 GeV, m− = 130 GeV,m2 = 180 GeV, gx = 0.1. Sine of
the mixing angle sinα is 0.1 (left), 0.2 (middle), 0.3 (right).
7.4 The role of gx
In fig. 23 we can see a strong sensitivity of the shape of plots to the value of gx. As gx rises,
yx ∼ gx increases and vx ∼ g−1x decreases, leading to larger cross-section for annihilation into the
Standard Model.
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process aN aN+1 N
XX → SM 8.5 · 10−3 −8.2 · 10−3 0
ψ+ψ+ → SM 1.7 · 10−4 −1.9 · 10−4 1
ψ−ψ− → SM 2.2 · 10−4 −1.2 · 10−3 1
Ψ+Ψ+ → XX 7.9 · 10−4 8.8 · 10−4 0
XX → Ψ−Ψ− 1.8 · 10−4 −1.4 · 10−4 0
Ψ+,Ψ+ → Ψ−Ψ− 3.3 · 10−3 −5.8 · 10−5 0
Ψ+Ψ− → Xh1 3 · 10−6 9.5 · 10−6 0
Ψ+Ψ− → Xh2 3.5 · 10−4 1 · 10−3 0
Ψ+h1 → XΨ− 3.3 · 10−5 5.6 · 10−4 0
Ψ+h2 → XΨ− 3.6 · 10−3 3.8 · 10−2 0
XΨ+ → Ψ−h1 5.7 · 10−5 −2.9 · 10−5 0
XΨ+ → Ψ−h2 5.6 · 10−3 −3.1 · 10−3 0
Ψ+ → XΨ− 1.4 · 10−2
process aN aN+1 N
XX → SM 6.8 · 10−1 −6.6 · 10−1 0
ψ+ψ+ → SM 1.4 · 10−2 −1.6 · 10−2 1
ψ−ψ− → SM 1.7 · 10−3 −1.2 · 10−2 1
Ψ+Ψ+ → XX 6.4 · 10−2 7 · 10−2 0
XX → Ψ−Ψ− 1.5 · 10−2 −1.1 · 10−2 0
Ψ+,Ψ+ → Ψ−Ψ− 2.6 · 10−1 −5.8 · 10−3 0
Ψ+Ψ− → Xh1 2.4 · 10−4 7.7 · 10−4 0
Ψ+Ψ− → Xh2 2.8 · 10−2 8.4 · 10−2 0
Ψ+h1 → XΨ− 2.6 · 10−3 4.5 · 10−2 0
Ψ+h2 → XΨ− 2.9 · 10−1 3.06 · 100 0
XΨ+ → Ψ−h1 4.6 · 10−3 −2.3 · 10−3 0
XΨ+ → Ψ−h2 4.5 · 10−1 −2.3 · 10−1 0
Ψ+ → XΨ− 1.3 · 10−1
process aN aN+1 N
XX → SM 8.45 · 101 −8.15 · 101 0
ψ+ψ+ → SM 1.73 · 100 −1.98 · 100 1
ψ−ψ− → SM 2.2 · 10−2 −1.2 · 10−1 1
Ψ+Ψ+ → XX 7.92 · 100 8.76 · 100 0
XX → Ψ−Ψ− 1.8 · 100 −1.36 · 100 0
Ψ+,Ψ+ → Ψ−Ψ− 3.26 · 101 −5.8 · 10−1 0
Ψ+Ψ− → Xh1 3 · 10−2 9.5 · 10−2 0
Ψ+Ψ− → Xh2 3.52 · 100 1.03 · 101 0
Ψ+h1 → XΨ− 3.3 · 10−1 5.56 · 100 0
Ψ+h2 → XΨ− 3.64 · 101 3.78 · 102 0
XΨ+ → Ψ−h1 5.7 · 10−1 −2.9 · 10−1 0
XΨ+ → Ψ−h2 5.61 · 101 −3.12 · 101 0
Ψ+ → XΨ− 1.44 · 100
Y (x = 100) left middle right
YX 1.1 · 10−10 1.7 · 10−12 1.7 · 10−14
Y+ 4.0 · 10−49 2.6 · 10−52 1.3 · 10−55
Y− 3.6 · 10−8 1.6 · 10−9 7.9 · 10−11
Figure 23: Influence of gx on the shape of solutions of the Boltzmann equation. Parameters of the
plots are: mX = 300 GeV, m+ = 500 GeV, m− = 130 GeV, m2 = 150 GeV, sinα = 0.1. Coupling
constant gx is 0.1 (left), 0.3 (middle), 1.0 (right).
8 Summary
In this thesis we have introduced a simple but QFT-consistent and renormalizable extension of
the Standard Model with an additional U(1)X group. The model provides four new particles (a
gauge boson, two Majorana fermions and an additional Higgs-like particle). Among the first three
of them, 2 or 3 are stable, depending on the values of the parameters, and can be cold dark matter
candidates.
We have also provided a detailed derivation of the Boltzmann equation and carefully discussed
all the assumptions that are made.
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A C++ code that solves set of the Boltzmann equations for multi-component dark matter has
been developed and verified against micrOMEGAs[28] for the 2-component case. We have investiga-
ted the influence of the values of the model parameters (masses of the extra particles, Higgs sector
mixing angle and U(1)X coupling constant) on the shape of solutions of the Boltzmann equations.
Analysis of our model provides a laboratory to study non-standard effects for interactions of
dark matter, such as Higgs portal cancelling and influence of the semi-annihilation processes. It is
also possible to analyze the influence of interactions between various components within the dark
sector on the final yield of dark matter – for further reading, see [26].
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